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Abstract A multiple-output function can be represented by a binary decision diagram (BDD) for characteristic function
(CF). This paper considers a method to represent multiple-output incompletely specified functions using BDD for CF. An al-
gorithm to reduce the widths of BDD _for CFs is presented. This method is useful for functional decomposition and synthesis

of LUT cascade.
Key words
Functional decomposition

1. 0000

0000000000000 000000000 (Binary
Decision Diagram: BDD) OO0 OO OO0OOOOOOOOO [8]. O
oog,

010 bDoOooOoo,o,1lo0oooboo0opuoooboooooo
ooooooooo[s).

020 DO0O0OOOOOOOOOO BDDOOOOOO [4].
030 00OO00oDOoooobooOoDoDoOoDOooDooon
O [3],[8].
gbobooooobo.oobobooboobobobo,obbooo
00000000000 DO0OODOO (Shared Binary Decision
Diagram: SBDD) D OQOOQQoOOOOd.

000000000000 BDDOOOOODOOOODO
000000 [3],[6],[10,[11]. 000000, 0000000
goob0o0oobobooOooobooobobbooooboo.
BDDOOOOOOOOOOOOO,BDDOOOCOOOCOCOO
000D0000O.BDDOOOODOODOODOODODOOO
O00D000,000o0oooooo MTBDD(Multi terminal

Incompletely specified function, Multiple-output function, Characteristic function, Binary decision diagram,

BDD) OO O OOOOOOOO (Characteristic function) O O O
00 BDD(BDD_for.CF)ODOOOOOOOO.

BDD_for CFOO,MTBDDOOOO, 0000000000
gooboooobooo. oo, 0oo0oboboboooooo
gooooobobobobooooooooouobobooo. oo,
BDDfor CFOOOOOUOOOOOOOOOOOOUOODOOO
o00ooo,MTBDDOO0OOOODOOOOOOOOOOO.

ooooO,BDDforCFOODOOOOOOOOOOOODODODO
O00ooog,BDDforCFOOOODOOOOOOOOONO
oo.

2. 0D000OO0OObOOOoOooo

00010 00 f00020000000,20 f00000
noooo.

00020 00000000 f:{0,1}" = {0,1,d}y000.0
00,d0000000000,00000001000000
ooo.00,00 £7450), 1), f'(doooooooon
O fo,f1,fa000.0000,foVfiVfa=1fo-f1=0,
fi-fa=0fo-fa=0000.



00030 [2100000 X = (21,22,...,2,), 000000
F = (fi(X), f2(X),...,f=(X)000. 000000000
0ooooo

X(X,Y) = A\ = fi(X))

=1

000.000y 00000000000.

0000000000000000000000000
000000,00000000000. fio(X) = fi(X),
fi1(X) = (X)0000,0000 xO00OOODODOOOO
oo.

X(X,Y) = A\ {5 - fio(X) Vi - fia (X))}

bobooooodooboobooooobooooboooo,oo00n0o
ocoOO0i100O0O0.000,000000,0000 9000
0001000000.000000000D00000 f,4(X)
oooa,

Ji(fioV fia) Vyi(fia V fia) =GifioVyifia V fia

ooooo.ooooooobooooo.
OO0 40 OOOOOOOOOOO0O0O0O00 xO

X(X,Y) = A\ {5 fio(X) V yifia (X) V fia(X)}

ooo.
OO0 10 01000400 20000000000000A0.

fio = T1Zax3 V T1T2T3

fi1 = Zi1x2x3 V X1T2x3 V T1T2T3
fi.a = T1Z3 V x12223

fo.o = Z1ZT2x3 V X1T2x3 V T1T2T4
fo1 = T2Z3 V x22324

fo.a = m2Z3
0D00,0000000000

X = {gl (flfzxgg \Y :111:71253) \Y
Y1 (:711:172:173 V x1T2x3 V :111:1)2:773) \Y4 (flf:«; Vv $1$2$3)} .
{gz(flfzxgg V x1T2x3 V :111:1)2:774) \Y4

Y2 (5)25)3 Vv :112:1)3:174) \Y4 (xzf:«;)}

ooo. (0oo)
00,00000000000000000000 BDDOO
00o0oo0oo0ooo.

00050 00000 F=(f1,f2...,fn) O BDD_for CF O
0,FO0000 yOOOOO BDDOOO. OO,BDD OO
00000000000,00 £0000000 40,f00
00O0oo0oo0ooo.

01 0ooooopoooooo

r1 T2 T3 Ta|f1 fo
0 0 0 0|d 1
0 0 0 1(d 1
0 0 1 0|0 O
0 0 1 110 O
0 1 0 O0|d d
0 1 0 1(d d
0o 1 1 o1 o0
0 1 1 171 1
1 0 0 0|0 1
1 0 0 110 1
1 0 1 o1 o0
1 0 1 111 O
1 1 0 0|1 d
1 1 0 1 (1 d
1 1 1 0O|d O
1 1 1 1(d 1
@/fi=0 (M) fi=1 (© fi=d

01 000000000000 BDD-for.CF

010000000000000000 BDDfor.CFOOO
0000.000,00010000000000.00000
0000 w0 10000000000000000,%=00
00 (0 1(). 00,00 »000000000000000
000,f=1000 (0 1(b). 000,00 %0000 100
0000000 000000000000000, f;=d@0
0000)000 (@ 1c). i=d000 00000000
0,BDDO0O0DOO0O0OO

00000000000 BDDforCFOODO,000000
0100000000000000000000000000
000,0000000000000000000000000
0000000.00,000000000000 BDD_for.CF
0000,00000001000000000000000
0000000000000.00000000000000
000000,00000000000000.

0020 0100000000 BDDfor.CFOO 2000.0 2
00000000,0000000000000000000
0000.02@00000000000000000000
000000000 BDDforCFO,0 2(b) 00000000
00000 BDDforCFOOD.0000000000000
00,0000000000000000000000.0 2(@a)
00,0000000000000000000000000
{y1,9} 00000,020)0000,00 0000000
000,000000000 00000, (0oo)

3. BDDfor CFOOOOO

3.1 BDDfor CFOOODOOOOO
O0o0oOOoOoOooo BDbDforCFOOODODO,00O0OOO
O0000o0O0OO0OO0OO0OE.BDDOODOODOOOOOOOO

—2—



Y.

Y2

(0000000000 o0000D () OO ODDOOODODO
JO0O000 BDD_for.CF BDD_for_.CF
02 0000000000 BDD-for.CF

02 00O0O0D0OO0DOOooo
X1 ={z1,z2}
00 01 10 11
00 0 0 d 1
Xo ={z3,z4} 01| 1 1 d d
10 | d 1 0 d
11 0 d 0 0
D Py Py Py

0,BDDO00O00O000O0O0OO0OOODOOO0OO.O000
0000000,00000000000000000000
O,BDDforCFOOODOOOOOOOOO.OOODO,000
000000000 BDDfor,CFOOODOODOODODODOO.
O00 60 (Zntm,Zntm—1,---
O00Oz.4. 00000000000BDDfor CFOODO k
0D0000,00 20 2,4, 0000000000.000,0
000000000000000000.BDDfor.CFOOO 0
00001000000

00070 OD0O00 f(X)00O00,00000 (X3,X2)00
oo,2%p2*loo0o0,00,000 200000000
0O0,00000 f000000000O00O00O0O0OOO0
000.000,|X|000 X00O0O0O000.00,0000
000,000000000000000000,00 00
0.00000000000000000.

0030 02040010000000000000000.0
00000000000000000 04000, (000)

BODDOOOODOOOODOODO,BDDOOOOOOO pO
000.00000 (X3,X.)0000,00 X, 000000
000000000 X.0000,000000000000
oo.

O0o0o00oo, f(X1,X:) = gh(X1),X,) 00D00O.
Mlog, 0] < |X:|000000,X, 00000000000
00000 A(X,)0000,¢9(H,X,) 00000000000
000000,00 f00000.00000000000 gO
00000000000000.BDDOO0OOOOO0OOO
00000,00000000000.

00080 DODDODODODD f,O0 f, 000000000
00o0oO000,0000000000,f,0 /0000000
O, f.~f000.

,21)0 BDDOOOOOOOOO

03 00oopoooo
X1 ={z1,32}
00 01 10 11

00 0 0 1 1
Xo = {x3,z4} 01| 1 1 d d
0
0

10 1 1 0
111 0 0 0

o7 o3 03 &

X1

[
T

EGEYz

03 00000000

@ (b)

04 O00[200000

00010 0000000000000000 e, xs 000,
Xa~Xo 00 Xe =XaXo 000, xe ~Xa 00 xe ~xp 000
oo.
0040 0200000,00000 {&,:}, {®1, 3},
{®;,9,}00000.0 %, 0@ 0000000,@;0 &30
0000,0 0 $,0000000,%50 &,000000
00 300000,p=2000. (0o0)
00010 X, X, 00000000,%,Y,00000000
000.000000000000 BDDfor.CFOODOOOO
(X1,Y1,X,,Y2) 00000,BDD_forCFO (X;,Y:) 0000
00 p000.000,x00000,00000000000
00 00000000000.0000000 3000000
0000,00000 HO GOOO0DO0 [logy,u] 000
ooooo.

3.2 BDDfor CFOODODDOOODODOOOO
000000000000 BDDOOOOOOOOOOOO
0000000000 ([3],[6],[11]0[13]. 00 [12100000,
000000D000,0000000000000000,00
0000000000000000000,00000004.
000,040 0000000 f,¢g000000,0 4b)00
00,00000000000000000.
000000000000 DO0O0O0OoDooO.
000o0O0oo 10 [12]
BDDOODDOOOODOOOODDOO.

010 OO0 00000000000000000.

020 v00000 v, vu 00DO0O0D0DDOO.

e 0DDOOOD,w,v, 0000DDOOO.

o OOODO, Vnew ¢ vo-v1 00,v0,v1 0000

O00.umew 00000000,



()ooo
05 000000 100000 BDD_for.CF

(@000

0050 020 BDDforCFOODDOOOD 10000000
005000.05@0000000000,0 50 0000
000.05r 000000 1,20000000000000
00.000000,001000000000,002000
0000000000000,05(b)00,001,2000 3
00000000O00.000000 Widh0OOOODOOO
00.000080050,00000001500 120000
oo. (0oo)

00[12]0000,000000000000000000,
0000000000000000000000,BDDOODO
00000000000.000,00000,BDDO0000
000000000000000O0,00000000000,
oooooooao.
00090 0000D000,0000000000000000
0o00o0o0o0O0O0oo.

00000000,0000000000000,00000
0000,00000000000(0000)000,0000
000000,0000 x0000000000[13].0000
00,00000NPOD0O0O0DO0D0O0O0O0O0O000I5].00
0,000000000000.
000000020 (0000000000000)
00000000000000000000 S, 000.C0
0000000000.000000000 S.00000,0
001000000 (@O000)000CcO0000nn.

S.+¢000000000000.

010 S, 000000000000,000 w000,
S;+ {n}00D0. S, 000+»000000000000
0s,000.

020 S,+¢0000000000000.

Da0 S,0000000000 v, 000,58 « SiU{v}
ooo.

ObO », 00000000000 S,000000.

030 C+ CU{S:}, Sa ¢+ Sa—Si.
0000000 30 (BDDforCFOOOO)

0000000+ 000000000000.00¢—100
10000,0000000000.

010 000000D0000000000000.

Y1

Xa

Y-

07 00000

020 000000000000O0O0O0000.
030 000000000,0000(@QO000002)000.
040 0000000 O0O0O0O0O0O0O0O0O0O000O00000
0o0O00000O0OO0O0O,00000000.

050 00000 40000000000000,BDDOC
oooo.
0060 O 20 BDDfor CFOODODODOD 30000000
006000.0020000,0 6@ 000000 2,400
00000,0 60000 1100000000.00,00 w
00000,00000007000,06(c)0006,8000
7,100,0 6(d) 000 12,1300000000. 0 6(a) O (d)
00,000080040,0000000 1500 12000
000.000000100000000000,000000
ooooooooooo. (0oo)

4 0 00O

41 0OOD0O0OOOOO

gooooboooobo,0bb00ooboobooobooo
gooooobooOoo0oooooooooobobbobD. ooo
0,0000003000000000000D0000000
gobooobo.b0oboboobooboobobbooobobo
BDD_for CFOOOO,0000000O.

e 0000 (Residue Number System, RNS)[7]0 200

—4—



00O0o0oooo
010 5-7-11-13RNS (14 00 1300, DC 69.5%) [0 O O
(57911) 000 400 RNSOOD 20000000000]
020 7-11-13-17RNS (16 0 0 1500, DC 74.0%)

030 11-13-15-17RNS (170 0 16 0 O, DC 72.2%)

e 00 kOO0 2000000000

010 401102000 (1600 1400, DC 77.7%)
020 401302000 (1600 1500, DC 56.4%)
030 501002000 (2000 1700, DC 90.5%)
040 60502000 (1800 1400, DC 94.0%)
050 60602000 (1800 1600, DC 82.2%)
060 60702000 (1800 1700, DC 55.1%)
070 100302000 (2000 16 00, DC 94.4%)

e {00 100000000,0000

010 3010000 (2400 16 00, DC 94.0%)

020 4010000 (3200 2000, DC 97.7%)

030 2010000 (1600 16 00, DC 84.7%)

42 BDDOOOO
41000000000000000,0000001000
00000300000,BDDforCFOODOOOOODMD.
000000000000 100 BDDforrCFOOOOOO
0,0000001000000,0000003000000
00000,0000000000000000000000
00,0000000000.00000010000000
0000 85%00,000000 3000000000000
24%000000000000.

00 BDDfor CFOOOODOOO,000000000,0O
00000D000000000000000000000.
BDD_for CFOOOO,0000,0000000,000000
00000000000000,0000000 (3000)0
0000 BDDforCFO O, 00 55~57%, 000000 100
00000000 55~60%, 000000 300000000
00 56~57%00000.000,0000 BDDOOOOOO
000000000,000000000.
000000000 BDDfor CFOOOOODOD,0000
000000000,0000000000000000.00
00000000000000000,00000 BDD_for.CF
000000,0000000000000,00000000
oooooao.

000000000000O000,000 BDD-for.CFO O
000,0000000000004-6000.000 DC=0
00000000000 000000000,DC =100
000000000 100000000,ISF000000d
0(3000)0000000,Algl0000000 1000
0000,Alg30000000 30000000000.0 4
0 BDDfor.CFOOOD,0 50 BDDforCFODODOOO, O
60 BDDfor CFODDODODOOOOO. D000 DC =0
0100000000000000000. 00000000
0,00000F = (fi,...,fm)0 B = (f1,...
.f-)000000O0ODO.

s Frmy21)s
Fy = (frm/21+15- -+

04 0O0O0O0OOODO BDDforCFOOODO

Name DC=0| DC=1| ISF | Algl | Alg3
5-7-11-13RNS 503 503 | 503 | 502| 416
461 461 | 461 | 460| 363

7-11-13-17RNS 471 471 471| 470| 337

1089 | 1089 | 1089 | 1088 | 896
11-13-15-17RNS 1574 | 1574 | 1574 | 1573 | 1573
2253 | 2253 | 2254 | 2253 | 1229
401102000 117 117 129 | 123 | 117
257 257 | 264 | 264| 128
40 130 2000 226 226 | 236 | 232| 225
257 257 | 264 | 264| 128
50100 2000 393 393 | 393 | 392| 391
257 257 78 76 64
60 50 2000 134 134 | 155| 148 | 139
257 257 | 260| 260| 128
60 60 2000 185 185| 189 | 188 | 184
257 257 89 64 32
60 70 2000 464 464 | 485 | 482| 472
513 513 | 516| 516| 256
100 30 2000 265 265 | 305| 304 | 294
513 513 | 514| 514| 256

3010000 29 25 15 14 10
200 101 14 13 10

4010000 85 73 15 14 10
1400 649 14 13 10

2010000 945 946 | 955| 954 | 945
767 769 | 327 | 269 | 224

ooo 1.000 | 0.950 | 0.825 | 0.811 | 0.636

05 0000000 O BDDforCFOOOOO

Name DC=0 | DC=1| ISF | Algl | Alg3
5-7-11-13RNS 2306 | 2319 | 2319 | 2302 | 1979
2036 | 2036 | 2048 | 2032 | 1743

7-11-13-17RNS 3064 | 3075| 3076 | 3054 | 2392
4966 | 4966 | 4980 | 4960 | 4250

11-13-15-17RNS 7718 | 7737 | 7738 | 7715| 6167

10495 | 10495 | 10510 | 10488 | 7600
401102000 | 1280 | 1285| 1322 | 1284 | 1245
2170 | 2170 | 2278 | 2277 | 1414
40 1302000 | 2340 | 2346 | 2435 2394 | 2336
2242 | 2242 | 1989 | 1989 | 1179
50100 2000 | 3278 | 3285| 3287 | 3261 | 3252
2339 | 2339 623 589 | 444
60 50 2000 1457 | 1460 | 1504 | 1429 | 1408
1889 | 1889 | 1838 | 1819 | 1224
60 60 2000 1324 | 1331 | 1407 | 1374 | 1328
1863 | 1863 474 386 | 308
60 70 2000 5252 | 5258 | 4995 | 4950 | 4844
4762 | 4762 | 4554 | 4554 | 2920
100 30 2000 | 3007 | 3013 | 3114 | 3089 | 3003
4691 | 4691 | 4466 | 4465 | 3292

30110000 229 261 171 138 | 125
2056 | 1244 143 124 | 107

40 10000 561 607 232 189 | 172
12071 | 7259 208 178 | 163

2010000 3218 | 3228 | 3305| 3267 | 3199
3130 | 3143 | 2137 | 1957 | 1714

ooo 1.000 | 0.979 | 0.830 | 0.805 | 0.680

ooo0O0o0oo0oOoOooo,0ooooo eBbbOoOOODOO
oo0o0.0000000,BDDOOOOOODO 200000 10
O, 000poov00100000000000.0000O0
boooboo,oboobooboboooboboocoooooonbo
oooo.

ooooo,00o0o000 10000000,000000 3
oooooooooooooooooboocoobo.ooo,000

—5—



06 ODOOODOODOD BDDforCFOOOO

Name DC=0 | DC=1| ISF | Algl | Alg3
5-7-11-13RNS 2297 | 2310 | 2303 | 2039 | 1980
2027 | 2027 | 2033 | 1784 | 1744

7-11-13-17RNS 3051 | 3062 | 3055 | 2664 | 2393
4954 | 4954 | 4961 | 4496 | 4251

11-13-15-17RNS 7704 | 7723 | 7716 | 7039 | 6168

10482 | 10482 | 10489 | 8948 | 7601
40110 2000 | 1252 | 1257 | 1270 | 1133 | 1231
2157 | 2157 | 2231 | 2100 | 1414
40130 2000 | 2325| 2331 | 2410 | 2225 | 2337
2231 | 2231 | 1974 | 1942 | 1180
50100 2000 | 3260 | 3267 | 3260 | 2794 | 3251
2322 | 2322 593 | 527 | 439
60502000 1442 | 1445 | 1459 | 1150 | 1396
1875 | 1875 | 1816 | 1718 | 1218
6060 2000 1310 | 1317 | 1367 | 1185 1328
1849 | 1849 445 | 299 | 307
60 70 2000 5243 | 5249 | 4944 | 4625 | 4845
4748 | 4748 | 4534 | 4406 | 2921
100 30 2000 | 2991 | 2997 | 3073 | 2510 | 2994
4674 | 4674 | 4444 | 3150 | 3289

3010000 197 226 134 | 100 | 109
1643 | 1045 125 95| 108

4010000 517 560 181 | 135| 152
10051 | 6098 177 136 | 160

20 10000 3020 | 3027 | 3072 | 2743 | 3007
3063 | 3073 | 2024 | 1635 | 1616

ooo 1.000 | 0.981 | 0.815 | 0.711 | 0.682

oooooobOoooOooo30o0o0o0oooooo0.0000
001l10000o000oooooOoooooo,0ooc0ooo
gobooooooo,b0oooboooboooboooooooo,
uoobooooooooboOooooobo.ocoo,coobo0o
o0,00000000.o0o0o0o00o300,00000oo
uboboooo,b0boocooooob.uobb0, 00 wbOOoOoo,

w2_wDDDDDDDDDDDDDDD,DDDDDD 10
ooooooooooo.

43 LUTOOOOOOOO

00O0D0D00,BDDOOD 2 0000000000,00
0000000000000000,0300000000 H
0 GU00000000000.00000000000, LUT
00000000000 [e00DNDN00n300000,10
03000200000000000000.0000000
000 12,0000000 80000000000.0 800
00D000000.0 8@0,000000000000000
000O0,0 8b)0,00000030000000000.0
00000 3000,00000000006500 480,00
00 10006000000.00,40 100000000 LUT
0000000000 000000 90000000 800
00000.0000003000,0000000000 95
00 200,000020004000000.

5. 0ogag

O0000,BDDforCFOOOODOOUOOODODOOOOO
vooooobo,bcoooooooooooooooo. oo,
ooooooooOoooo,0ooooo,0oob0 100000
uboooboooocooob.0obcoooboboooobooooo

+12 14 14

1818
18
+10 t4 14 12 +12 14 14
L L 1818
¥3 18
+12 _+6 +2 t12 a4 +4
1518 1818
+5 18

(@ObOO0o0o0ooooooo0O0 (oOOOODOO 300000
oooooo 0o

08 10003000 20000000 LUTOOOOO

BDDfor CFOOOOOOOOO,000000O0O0DOOOOO
00000000O0,0000000,200 BDD_for CFOO
O000,000 BDDO0OOOOOOO.O0000 LUTODO
ooboooooooooo.

g g

oooo,00,00000000,000,00000000
ooboooboocooooooa.

O O

[1] R. L. Ashenhurst, “The decomposition of switching functions,” In
Proceedings of an International Symposium on the Theory of Switch-
ing, pp. 74-116, April 1957.

[2] P. Ashar and S. Malik, “Fast functional simulation using branching
programs,” Inter. Conf. on CAD, pp. 408-412, Nov. 1995.

[3] S. Chang, D. Cheng, and M. Marek-Sadowska, “Minimizing
ROBDD size of incompletely specified multiple output functions,”
In European Design & Test Conf., pp. 620-624, 1994.

[4] K. Cho and R. E. Bryant, “Test pattern generation for sequential
MOS circuits by symbolic fault simulation,” Proc. 26th Design Au-
tomation Conf., pp. 418-423, June 1989.

[5] M. R. Garey and D. S. Johnson, Computers and Intractability, Free-
man, SanFransisco, 1979.

[6] Y. Hong, P. Beerel, J. Burch, and K. McMillan, “Safe BDD mini-
mization using don’t cares,” Proc. Design Automation Conference,
pp. 208-213, 1997.

[7] 1. Koren ,Computer Arithmetic Algorithms (2nd Edition), A. K. Pe-
ters, Natick, MA, 2002.

[8] S. Minato, N. Ishiura, and S. Yajima, “Shared binary decision dia-
gram with attributed edges for efficient Boolean function manipula-
tion,” 27th Design Automation Conf., pp. 52-57, June 1990.

[9] T.Sasao and M. Matsuura, “A method to decompose multiple-output
logic functions,” 41st Design Automation Conference, pp. 428-433,
San Diego, USA, June 2-6, 2004.

[10] M. Sauerhoff and I. Wegener, “On the complexity of minimizing
the OBDD size for incompletely specified functions,” IEEE Transac-
tions on Computer-Aided Design of Integrated Circuits and Systems,
Vol. 15, No. 11, pp. 1435-1437, 1996.

[11] C. Scholl, S. Melchior, G. Hotz, and P. Molitor, “Minimizing
ROBDD sizes of incompletely specified functions by exploiting
strong symmetries,” European Design & Test Conf., pp. 229-234,
1997.

[12] T. R. Shiple, R. Hojati, A. L. Sangiovanni-Vincentelli, and
R. K. Brayton, “Heuristic minimization of BDDs using don’t cares,”
Design Automation Conference 1994, pp. 225-231, 1994.

[13] W. Wan and M. A. Perkowski, “A new approach to the decomposi-
tion of incompletely specified functions based on graph-coloring and
local transformations and its application to FPGA mapping,” Proc. of
the IEEE EURO-DAC’ 92, pp. 230-235, Hamburg, Sept. 7-10, 1992.



