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Abstract

This papershavs a new methodto represenamultiple-
outputfunction: anencodecdtharacteristiéunctionfor non-
zerooutputs(ECFN). The ECFNuses(n + u) binaryvari-
ablesto representan n-input m-output function, where
u = [log, m]. Thebinary decisiondiagrams(BDDs) for
ECFNsarenever greaterthancorrespondingsBDDs. The
size of a BDD dependon the encodingof the outputsas
well asthe orderingof the variables. We conjecturethat
thereexists ann-input 2”-outputfunction, wherethe opti-
mal encodingoroduceBDDswith 2n + 2 nodeswhile the
worstencodingproducesBDDs with 27+! nodes.We for-
mulatean encodingproblemandshav a heuristicmethod.
Experimentalresultsusing standardboenchmarkfunctions
shaw that the sizesof BDDs canbe reducedsignificantly
by consideringencodings.

Index term: Multiple-outpu function, encodingproblem,
BDD, SBDD, MTBDD, characteristi¢unction.

1 Intr oduction

Logic networksusually have mary outputs. In most
casesjndependentepresentationsf eachoutputareinef-
ficient. Several methodsexist to representnultiple-output
functions: F' = (fo, f1,-.-, fm-1) : B® = B™, where
B = {0,1}. In this paper we considermethodsto rep-
resentmultiple-outpu functionsby using compactbinary
decisiondiagramgBDDs). Therehave beenthreeprevious
methoddgo represenimultiple-outputfunctionsby BDDs.

Thefirst methodis a multi-terminalbinary decisiondi-
agram(MTBDD) [14]. In anMTBDD, eachterminalis a
binaryvectorof m bits. For an n-input m-outputfunction,
we canevaluatethefunctionin O(n + log m) time. Unfor-
tunately MTBDDs tendto betoo largeto construct.

Thesecondnethodis a binary decisiondiagram(BDD)
for the characteristidunction (CF) of the multiple-output
function. The CFis amappingF : B x B™ — B, where
F(d,b) = Liff (fo(@), f1(@), ..., fm-1(d)) = b. TheCF
requiresm auxiliary binary variables{zg, z1, ..., zm-1}
thatrepresenbutputs.F shavsthesetof all thevalid com-
binationsof theinputsandtheoutputs.For example the CF

of a4-outputfunctionis

F = (z0foVaofo)(z1fiVaifi)(zafaVea fo) (23 faV zafa).

The size of a CF tendsto be very large, sinceit involves
(n + m) binaryvariables. The advantageof the CF is its
small evaluationtime: For an n-input m-output function,
we canevaluatethe functionin O(n + m) time by using
a BDD for CF. CFsare usedin logic simulation[1], and
multi-level logic optimization[6].

The third methodis a sharedbinary decisiondiagram
(SBDD) [14]. In mary casesSBDDsaresmallerthancor-
respondingMTBDDs andBDDs for CFs. To evaluatethe
functionusingan SBDD, we needO(n - m) time.

In this paperwe considetthefourth methodto represent
a multiple-outputfunction, EncodedCharacteristidcunc-
tion for Non-zerooutputs(ECFN).It represents. mapping
F : B" x B* — B, whereu = [log, m]. F(d,b) = 1iff

-

fu(g)(a) = 1, wherev (b) denotesheintegerrepresentetly

the binaryvectorl;. For example,the ECFN of a 4-output
functionis

F = 2150]00 V Elzofl Vv Zlgofg V 2120f3.

ECFNscanbe usedin FPGAdesign[10], logic emulation
[2], andembeddedystemg15].

As shown in later, aBDD for anECFNis a generaliza-
tion of an SBDD, andcanbe madesmallerthanthe corre-
spondingSBDD. So, it is usefulfor applicationswvherethe
sizeis important.

2 ECFN and Encoding Problem

In this section,we define encodedcharacteristidunc-
tionsfor non-zerooutputs(ECFNs)andformulatetheir en-
codingprogram[16].

Definition 2.1 z° = z, andz! = z.
Definition 2.2 For an m-output function f; (i =

0,1,...,m — 1), an encodedcharacteristic function for
non-zeo outputs(ECFN)is

m—1

_ bu—1 _bu-2
F= \/ Zu—1Zy—2 "

=0

b
'Zoufia



Table2.1: Encodingmethodgor four-outputfunction.

z1 zg | Encodingl| Encoding2 | Encoding3
00 fo Jo fo
0 1 h il I3
1 0 P I3 fa
11 f3 J2 il

whee b = (bu—1,by—2,...,bo) is a binary representation
of anintegers, andu = [log, m].

Notethatzg, 21, ..., andz,_; areauxiliary variablesthat

represenbutputs. In the above definition, the integer i is

encodedby abinaryvectorb in anaturalway. However, by

changingheencodingwe canoftensimplify therepresen-
tation.

Definition 2.3 Thesizeof a decisiondiagram (DD) is the
numberof nodesin theDD, includingtheterminalnodes.

Example 2.1 Consider the four-output function 7 =

(fo, f1, f2, f3), whee fo = 0, fi = =z, fo = =1, and

fa = 21V zg. Encodingl in Table2.1producegshe ECFN:
Fi=ziz0foVZaizofi Vaizofa V 2120 f3.

In this casewe have

Fy

21200 \Y 2120;‘60 \Y 2’120;131 \Y 2’120(;‘61 \Y Io)

zoxg V z1Z1.
However Encoding? in Table 2.1 produceshe ECFN:
Fy = ZizZofoVZizofi VziZofaV 2120 fa.
In this case we have

Fy =

= 2120;‘60 \Y 2120;‘60 V Z1%1.

21200 \Y 512’01‘0 \Y Z1270(,I‘1 \Y 330) \Y Z120%1

Notethat the minimumBDD using Encodingl requires 6
nodeswhile the minimumBDD usingEncoding?2 requites
7 nodes. (Endof Example)

Example 2.2 Considerthe 8-outputfunction F' = (fq, f1,
.., fr),whee fo =0, fi = xzo, fo = 21, f3 = 21 V 20,
fa=zo, fs=x2Vao, fo =22V, fr=23VI1Vao.

In thiscaseweneedthreeauxiliary variableszg, z1, and
z9 to represent8 outputs.Encodingl in Table2.2 produces
theECFN:

Fy = zz120foV 222120 f1 V Zaz120f2 V Zaz120f3 V

29Z1Z0faV z2Z120fs V 222120 f6 V 222120 fr.

Table2.2: Encodingmethoddor 8-outputfunction.

z9 21 zgo|Encodingl | Encoding2
0 0 0 Jo fo
0 0 1 1 Iz
0 1 0 2 f3
0 1 1 f3 f2
100 Ja Is
o1 Is Ja
10 fe Je
1 1 1 f7 fi

Thus,wehave

F1 = 2221200\/525120330\/22215025‘1\/

222’120(;‘131 V ;‘Eo) V 29Z1Zgx9 V 225120(;‘132 V ;‘Eo) V
222150(1‘2 \Y 1‘1) V 222’12’0(1‘2 V X1 vV CL‘Q)

= zgxg V 2121 V 2223.
However Encoding?2 in Table2.2 produceshe ECFN:

Fy = Zaziz0fo V 2az120f7 V Zaz1Z20f3 V 222120 f2 V

292120 f5 V 29Z120f4 V 222120 f6 V 222120 f1.
Thus,wehave

F2 = 222’0232 \Y 2221201‘0 \Y 222’11‘1 \Y 2221,20230 \Y

22201‘1 \Y 22211‘2 \Y 22271270230 \Y Z9Z1%0Zq.

Notethat the minimumBDD using Encodingl requires 8
nodeswhile the minimumBDD usingEncoding?2 requires
16 nodes. (Endof Example)

Thesetwo examplesshov the advantageof finding good
encodings.

For an m-outputfunction, we needu = [log, m] aux-
iliary variables{zg, z1, ..., z,—1} t0 represenin outputs.
So,thenumberof differentencodingss

241
(2v —m)!”
However, thesizeof theBDD is invariantunderthecomple-
mentatiorand/orrenamingof theauxiliary variables.Thus,
to find theencodingor anECFNthathasthesmallesBDD,
we have only to consider
24! 2" —1)!
N— _ o
(2¢ — m)!12vy! (2% — m)lu!

differentencodings.For m = 4, we have v = 2, andwe
needonly to considerN = 3. = 3 differentencodings.
Table2.1shavs thesethreeencodings.
Thus,we canformulate

Problem 2.1 (Encoding problemfor an ECFN) Given a
multiple-outputfunction ' : B* — B™, representF' by
usingu = [log, m] auxiliary binary variablessothat the
resultingBDD hasthefewestnodes.



Table2.3: Sizesof BDDs for ECFNsin Theorem?.1.

n Encoding
Best| Worst
3 8 16
4 10 32
5 12 64
6 14 128
7 16 256
8 18 512
9 20| 1024

To the bestof our knowledge,Problem2.1 hasnot been
previously formulated. No goodalgorithm except for the
exhaustve searchs known.

Theorem 2.1 The n-input 2”-output function f;(#) =
ViZo aiz;(i = 0,1,...,2" — 1) is representedby a
BDD for an ECFN with 2n + 2 nodes, whee # =
(:En_l, Tp—9y ..., 1‘0) andd‘i = (am_l, Ain—9, .. .,aio) is
a binary representatiorof theinteger i.

Example2.3 Whenn = 3, wehavefy, = 0, fi = =y,
fo=x1, fa=®1Vag, fa = 22, fs = x2Vag, f6 = 22V,
fr = z2 V 21 V 2g. Notethatthesefunctionsare the same
asthosein Example2.2. TheECFNthatrequiresthefewest
nodesin theBDD is givenby

F = ZyZiZzofo Viszizo i V Zaz1Z0fa V Zaz120f3 V

z9Z1Z0fa V 292120 f5 V 222120 f6 V 222120 f7
= ZpZo \Y Z1%1 \Y Z92X9
9

= \/ Zi X,

1=0
(Endof Example)

Table 2.3 shaws the sizesof the BDDs for ECFNsfor
the multiple-outpu functionsdefinedin Theorem2.1. The
BDDs headedhbrstwerefoundamonglO0randomencod-
ings. Fromthistable,we have

Conjecture 2.1 An n-input 27 -output function exists that
requires2n+2 and2”*! nodesn BDDsfor theECFNwith
the encodingoptimizedand un-optimizedrespectively

3 Application to EmbeddedSystems
3.1 Branching Program
Here,we considettheapplicationto embeddedystems,
wherethe sizeof thememoryis veryimportant[3].
Thebranding programmethodrealizesa logic function
by a sequentiahetworkasfollows:

1) Representthe given logic function by a BDD [4]
(Fig. 3.1(a),wheredottedlinesshov 0-edgesandsolid
line shav 1-edges).

vg: if(zy == 0) gotowy;
elsegotowvs;

vy: if(z2 == 0) gotows;
elsegotowv,;

vy: if(z3 == 0) gotows;
elsegotowv,;

va: return(0);

va: return(l);

(b)

Figure3.1: Branchingprogrammethod.
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Figure3.2: Architecturefor Logic Simulator

2) Replaceeachnon-terminahodeof theBDD with anlf
thenelsestatementandderive the branchingprogram
to represeny (Fig. 3.1(b)).

3) Implementthe programby a general-purposenicro-
processar

To reducethe instruction fetch time, special sequential
machinesthat traverse the BDD structure are proposed
[8,9 5]

Thebranchingorogramrequiresmemorythatis propor
tional to the numberof nodesin theBDD. Whenconstruct-
ing aBDD for anECFN,we canreducethesizeof theBDD
by finding the optimal orderingof variables,aswell asby
finding the bestencodingof the outputs.As will be shavn
in the experimentalresults,the sizesof the BDDs obtained
in this way are,in mary casessmallerthanothertypesof
DDs. Whenall the auxiliary variablesare adjacento the
root node,theBDD is equivalentto anordinarySBDD.

3.2 Architecture for ReconfigurableHardware

Multiple-outputfunctionscanbe evaluatedby the archi-
tectureshavn in Fig. 3.2. In this architecturethe memory
storesthe datafor the BDD, while the control part (a se-
guencer}raversegsheBDD.

Example 3.1 Considerthe4-outputfunction:

fo = T1Z2
fi = zmizaVay
fa = zzaVas
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Figure3.3: Original variableorderingfor ECFN.
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Figure3.4: Optimizedvariableorderingfor ECFN.

fg = I1ZX2 \Y s vV Ta.
Letthe ECFNbe

F=ZzZzZofoVZizofi VaZofa Vzizo f3.

Whenthe ordering of the variablesis (z1, zg, 21, 22, 23,
z4), we have the BDD with 16 nodes as shown in
Fig. 3.3. However whenthe ordering of the variablesis
(21,2, 21, 23, 20, z4), we havethe BDD with only 8 nodes
asshownin Fig. 3.4.

Table 3.1 showsthe BDD data for Fig. 3.4. Ead
node has three basic attributes: an index of the vari-
ables and a pointer for eath of the 0-edge and 1-
edge Also, index=0 denotesa terminal node To
evaluate the value of fy(1,1,1,1), we haveto setthe
variables to (z1, 22, 21, 23,20,24) = (1,1,0,1,0,1).

(Endof Example)

4 Encoding Algorithm for ECFN

In this part,we show a heuristicalgorithmto encodem
outputsby usingu = [log, m] binary variables,so that
theresultingBDD hasthefewestnodes.lt is similar to the

Table3.1: BDD datafor Fig. 3.4.

address| index | 0-edge| 1-edge
) I U2 U1
U1 I U2 v7
U2 21 Vg U3
U3 T3 Vg v7
V4 20 Vg Usg
Us T4 Vs v7
Vg 0 0 0
v7 0 1 1

encodingmethodthatminimizesthe numberof productsin
sum-of-productexpression(SOP)[16]. Becauseof space
limitations, we only shav theoutline.

An encodingor anECFN correspond$o anassignment
of m output functionsto the nodesof the u-dimensional
cube.

Constraint matrix [6] is the output part of the mini-
mized positionalcubes[13]. We usethe Merit matrix to
find encodings. Thevalueof Merit(i, j), wherei, j € M
and M = {0,1,2,...,m — 1} is large when f; and f;
shouldbe assignedo adjacentodesin the u-dimensional
cube.

Algorithm 4.1 (Derivationof the Merit Matrix)

1. Fromthe minimizedSOPof the CFN, obtainthe con-
straint matrix. Ignore therowswith all 1's. Ignore the
rowswith singlel’s.

2. Let Merit(j, k) < 0.0, wheej k € M and M =
{0,1,...,m—1}.

3. For eath row 7 in the constaint matrix, let S; bethe
setof indexesof columnghathavel'sin therow:. Let
|S;| be the numberof elementsn S;. For ead pair
(J, k) € S, do Merit(j, k) < Merit(j, k) + rg=-

4. If Merit(j, k) = 0.0andj, k < mandj # k, thenlet
Merit(j, k) < =1+ 5%.

The following algorithm producesa good encodingfor
SOPs.

Algorithm 4.2 (Encodingof an ECFNfor SOPS)

1. Asaninitial solution,assignfunctionsfy, f1,. . - fm-1
to distinctnodesof the u-dimensionakube Let f; be
assignedto the node (0,0,...,0). Whenm < 2%,
assigndummyfunctionsto theremainingnodes.

2. Gain+ Y Merit(j, k), wheethesumis obtainedfor
theadjacentnodes(j, k) in theu-dimensionatube

3. Fix the function f; to the node(0, 0, ...,0). For the
other 2% — 1 functions,choosea pair of functions. If
Gainincreasedyy the exchangeof the functionsin the



pair, thenexchangethe functions. Otherwise,do not
exchangethe functions. Repeatthis opemtion while
Gainincreases.

4. Fix thefunction f; tothenode(0, 0, .. ., 0). For other
2% — 1 functions,choosea pair of functions. If Gain
doesnot deceaseby the exchangeof the functions
in the pair, then exchangethe functions. Otherwise,
do not exchangethe functions. Repeathis opefation
while Gainincreases.

5. Do thesamething as Step3.

6. If Gainincreasedn Step5, thengo to Step3. Other
wisestop.

Unfortunately Algorithm 4.2 doesnot alwayswork well
for the minimization of BDDs. So, we modifiedit asfol-
lows:

Algorithm 4.3 (Encodingfor ECFNsfor BDDs)
1) Minimizethe SBDDfor the multiple-outputfunction.

2) Make an ECFN for the natural encoding(i.e., fo is
assignedo 00 - - - 00, f; isassignedo 00 ---01, f, is
assignedo 00 - - - 10, etc.),andminimizethe BDD.

3) Find an encodingby Algorithm 4.2 and make an
ECFN.MinimizetheBDD.

4) Returnthe smallestBDD amongthree producedfrom
stepsl), 2), and 3).

Since we are using a heuristic algorithm [12] for BDD
minimization,the minimized SBDD obtainedby 1) canbe
smallerthanthe BDD obtainedby 2) or 3).

5 Experimental Results
5.1 Benchmark Results

We implementedAlgorithm 4.3 and minimized BDDs
for variousbenchmarKunctions.

Table5.1 comparessizesof DDs, whereNamedenotes
thefunctionname;ln denoteshenumberof inputvariables;
Outdenotegshenumberof outputvariablesMTBDD, BDD
for CF, SBDD, andBDD for ECFNdenotesizesof the cor
respondind®Dsobtainedoy Algorithm 4.3; entry— shovsa
functionin whichtheMTBDD or BDD sizewastoo largeto
be constructed.Table5.1 shavs thatMTBDDs andBDDs
for CF areoftenverylarge.

We optimizedthe BDD for ECFN by mixing the input
variablesandauxiliary variables. In the caseof BDDs for
CFs,to evaluatethelogic functionin O(n + m) time, all the
outputvariablesmust be locatedafter the input variables
they dependon. However, we droppedthis restrictionin
the optimizationof BDDs for CFs[17]. Evenif we drop
thisrestriction,in somecasesBDDs for CF aretoolargeto
construct:theentrywith - shavs suchaDD.

For somefunctionssuchasseq the sizeof the BDD for
ECFNis lessthana half of the correspondingsBDD. For

Table5.1: Sizesof variousDDs.

MTBDD | BDD |SBDD|BDD for
Name | In|Out for CF ECFN
5xpl 7| 10 255 73 79 76
amd 14| 24 206| 404| 266 196
ape3 |54| 50 537| 1786 983 854
ap7 |49| 37 - - 302 300
b9 41| 21| 32720, 1582 177 177
clip 9| 5 139 99 99 81
cps 241109 —| 3728 1095 828
duke2 [22| 29 646| 755/ 395 351
e64 65| 65 131| 2277| 194 194
e1010 [10| 10 1551 2335/ 1423 1423
ex5 8| 63 244| 1125 342 302
ex7 16| 5 636| 239 90 88
exep 30| 63 1278 2448 675 629
exps 8| 38 286| 1227| 585 482
ibm 48| 17| 591586 2249 246 246
intb 15| 7 735| 758 608 608
jbp 36| 57| 509832 3129 467 466
k2 45| 45 913| 2860 1321 1167
mainpla 27| 54 634| 2836| 1857 1017
markl (20| 31 4179| 272| 119 115
misex2 (25| 18 113| 198 100 98
newmtpla|15| 5 69 69 54 50
opa 17| 69 252| 1369| 428 364
pl 8| 18 370| 656| 208 208
p3 8| 14 247 392| 134 134
pdc 16| 40| 19434 2733| 596 590
pope 6| 48 118| 876 280 278
proml | 9| 40 852| 4252| 2012 1479
prom2 | 9| 21 578| 2852 958 737
rekl 32| 7 65| 135/ 198 67
risc 8| 31 56| 257 99 84
seq 41| 35 853| 1350, 1284 506
shift 19| 16| 196095 843 78 62
spla 16| 46| 11732 2121] 628 605
t2 17| 16 308| 444| 145 140
t3 12| 8 33 83 66 41
t4 12| 8 96 83 44 44
table3 |14| 14 457| 1060, 766 506
table5 |17| 15 442| 1038 685 476
tms 8| 16 68| 221| 125 99
ts10 22| 16| 589837 5954 163 83
vg2 25| 8 134| 153 90 82
xparc |41| 73 3876 4745 1947 1237

otherfunctions,suchasb9, the sizesof the SBDDsarethe

sameasthoseof BDDsfor ECFNs.An SBDDis considered
asthe ECFN with the naturalencoding. Thus, the natural

encodingis the optimumencodingfor the function suchas

b9. We couldreducethesizesof BDDs for 35 functionsout

of 43, or 81 percentof thefunctions.

The CPU time to obtain the encodingsdependsn the
numberof the outputs. The mosttime-consumingnewas
cps which has108 outputs. Given a minimized SOPof a
multiple-outputfunction, the time to obtainthe encoding
was abouttwo minutesby a PC with an INTEL Pentium
microprocesso(840MHz).

5.2 Prototype of ReconfigurableHardware

In orderto verify the performanceof the architecture
shavn in Section3, we developeda reconfigurablehard-
wareusinga commerciallyavailableFPGAboard.



The specificatiorof the FPGAboardis asfollows:

e FPGA:AlteraFLEX10K100
¢ Clockfrequeny: 20MHz
¢ RAM: Static4M Bits

In this prototype,to procesonenodeof a BDD, we need
a = 2 clock cycles. Thus,to evaluatethe function for an
inputpatternweneedn-m-« clocks,wheren isthenumber
of input variables,andm is the numberof outputsof the
function.

WeusedtheAlteraFPGAFLEX10K100,sinceit isread-
ily available. However, we canuseary logic circuit, e.g.,
CPLDs,becausghe controlpartis very simple.

6 Conclusionand Comments

In this paper we presentedh newv methodto represena
multiple-outputfunction: An encodingcharacteristidunc-
tion for non-zerooutputs(ECFN). An ECFN usesonly bi-
nary variables,andits BDD can be simplified by consid-
eringthe encodingaswell asthe orderingof the variables.
BDDs for ECFNscanbemadesmallerthanthecorrespond-
ing SBDDs.We formulatedthe encodingproblemandpre-
senteda heuristicmethod. We also conjecturethat there
exists an n-input 2" -output function that requires2n + 2
nodesin aBDD for oneencodingand2™*! nodedor other
encoding.

We alsodevelopeda reconfigurabldardwareconsisting
of a memoryanda sequencerThe hardwareis simpleto
implement,andthe designcorrespondgo a minimization
of aBDD for ECFN.

Currently we areimproving the encodingalgorithmfor
ECFNs.
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