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Abstract
A sharedbinarydecisiondiagram(SBDD) representsa

multiple-outputfunction, where nodesare sharedamong
outputs. A partitionedSBDD usually consistsof two or
moreSBDDsthatoftensharenodes.TheseparateSBDDs
areoptimizedindependently, often resultingin a reduction
in the numberof nodesover a single SBDD. We show a
methodfor partitioninga singleSBDD into two partsthat
reducesthe nodecount. Among the benchmarkfunctions
tested,anodereductionof upto 16%is realized.
Keyword: Sharedbinary decisiondiagram, SBDD, bi-
partition,multiple-outputfunction,decomposition.

1 Intr oduction
Variousmethodsexist to representmultiple-outputfunc-

tions [17, 18, 19]. Among them, sharedbinary decision
diagrams(SBDDs) are most commonly used,since their
sizesare usually smaller [19] than other typesof BDDs,
such as multi-terminal binary decisiondiagrams(MTB-
DDs)[17] andBDDsfor characteristicfunctions(BDDsfor
CFs)[1, 21]. However, for someapplications,SBDDsare
still largeandmorecompactrepresentationsarerequired.

In thispaper, weproposeamethodto representmultiple-
outputfunctions,partitionedSBDDs.Eachpartrepresentsa
setof outputs,andis optimizedindependently. SuchBDDs
areconsideredasa specialcaseof partitionedBDDs [13,
14,6] andfreeBDDs (FBDDs)[7, 8].

Applicationsof partitionedSBDDsaresimilar to thatof
partitionedBDDsandFBDDs.

1) Hardwaresynthesis.Replaceeachnon-terminalnode
of an SBDD by a multiplexer (MUX), forming a net-
work for

�
. This is usedto designmultiplexer-type

FPGAs[4] andpass-transistorlogic [23].

2) Softwaresynthesis[2, 19]. Replaceeachnon-terminal
nodeby an if thenelsestatement,forminga branching
programfor

�
.

3) Verification [13, 14, 6]. In verification,a monolithic
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Figure2.1: SharedBDD.

BDD may be too large to be stored in a computer
memory. So, in this case,small BDDs aregenerated
sequentially, andeachcomponentis checkedoneby
one.

2 Partition of SBDDs
An SBDD is consideredas a compactBDD represen-

tation of a multiple-output function, since nodescan be
sharedamongmany outputs.

Example 2.1 Considerthetwo-outputfunction:

�	��

�������������������
����

�������������	� �"!

In this case,# 
%$&���	�'�(�	�������'� ��)
is a goodorderingof the

input variablesfor both
�	�

and
���

. Notethat somenodes
canbesharedbetween

�	�
and

���
, asshownin Fig. 2.1. In

the figures, dottedlines denote0-edges,while solid lines
denote1-edges. (Endof Example)

In an SBDD, therecanbeonly oneorderingof input vari-
ablesfor all output functions. Thus, the size tendsto be
large whenthe individual functionshave differentoptimal
orderingsof theinputvariables.
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Figure2.2: Pair of BDDs,which is smallerthanSBDD.

Example2.2 ConsidertheBDDsof functions:�	�*
+�,�����-�.�������/�.�(0��(1	�
���2
+�,�������.���3��0��.� �4�(1	!

In this case,# �5
6$&���	�����������"��� �"�'�(0	����13)
is an optimalor-

deringfor
�	�

, while # �7
%$&���4��� �"�'�(�	����08�'� �	�'�(1�)
is an op-

timal ordering for
���

. Fig. 2.2 showsthe corresponding
BDDs. Together, they require a total of 9;:=< 
%>4?

nodes.
On theotherhand,a minimumSBDDfor @ �	�	������A requires
17 nodes. In this case,the pair of separately optimized
BDDs is smaller than the optimizedmonolithicSBDDfor
@ � � ��� � A . This is an exampleof a partitionedBDD that is
smallerthanthemonolithicSBDD. (Endof Example)

Fromtheseexamples,we canformulatethefollowing:

Problem 2.1 (PartitionedSBDD)
Givena multiple-output function

�
, represent

�
by a set

of SBDDsso that the total numberof nodesis minimized,
where each SBDDis optimizedindependently.

3 Bi-partition of SBDDs
Beforeconsideringa generalpartitioning problem,we

startwith a simplerproblem,i.e., thebi-partition problem.
We canobtaina generalpartitionby applyingbi-partitions
recursively.

Definition 3.1 Let
� 
 @ � � ��� � ��!�!4!B�'��CED � A be the setof

theoutputfunctions. F�GIH�J $&KMLONPN.� � � # ) denotesthenum-
ber of nodesin theSBDDfor

�
, where # is theorderingof

the input variables. F4G&H"J $IK-LQN;NR� � )
denotesthe number

of nodesin theminimumSBDDfor
�

overall orderings.

Then,we canformulate,

Problem 3.2 (Bi-partition of an SBDD)
Givena multiple-outputfunction

� 
 @ � � ��� � ��!4!�!��'��CED � A ,
represent

�
bya pair ofSBDDssothat F4G&H"J $IK-LQN;NR� � �S)3T

F�GIH�J $&K-LQN;NU� � �")
is minimized,where

� �,V � �7
 �
,
� �MW

� �X
ZY
, and

� �Q[
�Y
.

It is possiblethat, for all non-trivial bi-partitions,the total
numberof nodesin thepartitionedSBDDis greaterthanin
theoriginal one. In this case,we accepttheoriginal given
SBDD as the bestwe can do. This is representedas the
trivial partition

� 
\$ � �'Y�)
, where

Y
is thenull set.For ex-

ample,any non-trivial partitionof theSBDD in Fig. 2.1(b)
will increasethenodecount.

Algorithm 3.1 (Bi-partition of an SBDD:Exactmethod)

1. ]�GI^ F4G&H"JO_a` .

2. Enumerate a bi-partition @ � �4� � ��A of
� 
 @ �	���'���4�!�!4!3�'� CED ��A

, where
� �-V � �E
 �

and
� �-W � �E
bY

. If
done,stop.

3. F�GIH�JO_aF4G&H"J $IK-LQN;NR� � �	)�T F�G&H"J $IK-LQN;N.� � ��)
.

4. If
$ F�GIH�JQc�]PG&^ F�GIH ) , then ]PG&^ F�GIHd_eF4G&H"J .

5. Go to 2.

AlthoughAlgorithm 3.1 producesanexactminimumsolu-
tion, it requiresf 
 <

CED �
minimizationsof pairsof SB-

DDs, since f is thenumberof bi-partitionson
�

. So, this
methodis only practicalfor functionswith small ^ and ] .
The following is a heuristicalgorithmthat canbeusedfor
functionswith largeBDDs.

Algorithm 3.2 (Bi-partition of an SBDD: Heuristic
method)

1. SimplifytheSBDDfor
�

byusingtheheuristicmethod
[15]. Let # g bean orderingof theinput variablesthat
simplifiestheSBDDfor

�
.

2. SimplifytheBDD for each componentfunction
��h-$ G 
i �4>��4!�!4!B� ]kj >4)

by using the methodof [15]. Let
l h 
 F�GIH�J $&LQN;N.�'� h )

F�G&H"J $ILQN;N.��� h � # g ) .

3. l�m�n 

>
]

C7D �o
hqp � l h , � � _ Y

, and
� � _ Y

.

For each
� h

if
$ l h c l m�n ) then� � _ � �-V @ � h A

else� � _ � �rV @ � h A .
4. J � _aF�G&H"J $IK-LQN;NU� � �4)sT F4G&H"J $IK-LQN�N.� � �")

.

5. Let
�	t

bea functionthathastheminimal l h in
� �

.

6. J � _ F�GIH�J $&KMLONPN.� � � V @ � t A	)uT F4G&H"J $IK-LQN;N.�
� � j�@ � t AS) .
If
$ J �Xv J ��) then
J � _aJ �� � _ � �-V @ �	t�A� � _ � � j2@ �	t A
go to w
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7. Let
�	t

bea functionthathasthemaximall h in
� �

.

8. J � _ F�GIH�J $&K-LQN;NU� � �xV @ �	t�A	)uT F�G&H"J $IK-LQNPN.�
� � j�@ �	t AS) .
If
$ J �7v J �4) then
J � _eJ �� � _ � � j*@ �	t�A� � _ � � V @ � t A
go to y

else
stop

4 NodeSharing
In thispart,weconsiderthecasewherenodesareshared

acrossSBDDs. Suchapplicationsexist for hardwareand
softwaresynthesis.

Example4.1 In Fig. 2.2, the non-terminalnodeslabeled� 1
, and constantnodescan be combinedyielding a BDD

with 13nodes.However, theresultingBDD is notanSBDD
becauseof different orderings for input variables across
middlelevel nodes. (Endof Example)

As shown in theabove example,nodesharingcanproduce
a BDD that is not anSBDD. Thus,we cannotuseexisting
BDD packages.Therefore,we performthis operationasa
separateprocess.

Proposition 4.1 Let z � and z � be nodesof two SBDDs:
SBDD0and SBDD1,respectively. If z � and z � represent
thesamelogic function,thenonecanberemoved.

This is a sufficient conditionto sharea nodebetweentwo
SBDDs. The following exampleshows a casewheretwo
nodesrepresentingdifferentfunctionscanbeshared.

Example4.2 Considerthetwo functions:

�	��
{$3|���'�(���.�,�"|���3)}� �~�
� � 
+� � |� � � � ��|� � � � |� � !

Fig. 4.1showsa pair of BDDsrepresenting
�	�

and
���

. Note
that z � represents

�	�
, and z � representsthe function

�,�'� �
.

Fig. 4.2showstheBDD after nodesharing. Notethat z � is
usedinsteadof z � to represent

���
. Indeed,z � representsthe

function
� �

since,

|� � � � �.� � |� � |� � 
�� � |� � � � �.� � |� � |� � 
Z� � !
Note that the BDD in Fig. 4.2 is not an SBDD,since

�(�
occurstwice in pathsfrom the nodefor z � to the constant
nodes. (Endof Example)

In theinterestof anefficientalgorithm,weignoretheabove
case,which involvesa complex analysis,andwe only use
Proposition4.1for nodesharingbetweentwo SBDDs.
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Figure4.1: Pair of BDDs.
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Figure4.2: Sharingnodesthatrepresentdifferentfunctions.

Algorithm 4.1 (Nodesharingbetweentwo SBDDs)

1. For each node,assigntwo weightsasfollows:

� J�G������ � 
�� �7�
� J�G������ � 
 �o h�p � <

hs�
JB��J�^

� $I�X� G )��

where
�

is thefunctionrepresentedby thenode,
� �7�

is
thenumberof 1’s in its truth table,and�

J}�(J4^
� $I��� G )�
b>

if
�

dependson
��h


 i
otherwise.

2. Selecta node z � from SBDD0 and a node z � from
SBDD1.For each pair of nodes

$ z � � z � ) that havethe
samevaluesfor both weight a and weightb, check if
they representthe samefunction. If so, removethe
node z h (not the subtree) that has fewer successor
nodesthatare sharedby otherpartsof theSBDD.All
edgesleadingto theeliminatednodez h , are redirected
to theothernode z � D(h .

3. Removeun-referencednodes(e.g., a nodemayhaveno
incomingedgesbecauseits predecessorswere elimi-
natedin Step2).

4. RepeatSteps2 and3 until all pairs of nodesare con-
sidered.
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Table5.1: Sizeof bi-partitionedSBDDs.

Name In Out Monolithic Bi-partitioned Time(sec)
apex6 135 99 711 674 2010.4
apex7 49 37 302 253 2043.1
C499 41 32 27876 27862 472.4
C3540 50 22 34710 34543 369.8
C880 60 26 4166 4012 12.1
clip 9 5 111 110 0.1
ex5 8 63 342 339 3.0
exep 30 63 675 605 80.9
frg2 143 139 1117 1116 27.9
i10 257 224 24054 24031 19133.8
intb 15 7 608 607 1.6
jbp 36 57 467 444 2.9
rckl 32 7 198 188 0.6
signet 39 8 1472 1326 13.4
too large 38 3 329 324 2.2
x2dn 82 56 243 234 27.6
IBM PC/AT compatible,PentiumIII1GHz,Linux 2.2.16

5 Experimental Results
5.1 Performanceof heuristic method

WeimplementedAlgorithms3.2and4.1,andpartitioned
BDDs for many benchmarkfunctions. Table5.1 lists the
functionswherethebi-partitionedSBDDsaresmallerthan
monolithic SBDDs. In thesecases,nodesharingwasnot
performed(i.e. Algorithm 3.2 only was applied). In the
caseof apex7, a reductionof 16%is achieved.

Table 5.2 lists the functions where the non-terminal
nodeswere reducedby nodesharing(i.e. Algorithm 3.2
and 4.1 were used). Unfortunately, the numberof nodes
reducedby Algorithm 4.1is not solarge.

WeappliedAlgorithm 3.2 to theresultsof Table5.1,re-
cursively. Table5.3 lists the functionswherethe recursive
applicationof Algorithm 3.2 reducedthe total nodecount.
In aboutone-halfof thecases,recursiveapplicationresulted
in significantnodereductionover oneapplication.

5.2 Comparison of heuristic and exactmethod
To seethequality of thebi-partitions obtainedby Algo-

rithm 3.2, we comparedAlgorithm 3.2 with an exhaustive
method.Theexhaustive methodproducedall thepartitions
of the outputs. Table5.4 comparesthe sizesof BDDs for
benchmarkfunctionsby using Algorithm 3.2 and the ex-
haustive method.Alg3.2denotesthe sizeof bi-partitioned
BDDs obtainedby Algorithm 3.2; Max denotesthe max-
imum sizeof bi-partitionedBDDs; Min denotesthe min-
imum size of bi-partitionedBDDs; Average denotesthe
averagesize of bi-partitionedBDDs for all the partitions.
Table 5.4(a) shows the casewhere the BDDs were opti-
mized by an exact method[11]. Table 5.4(b) shows the
casewheretheBDDswereoptimizedby aheuristicmethod

Table5.2: Numberof non-terminalnodesreducedby node
sharing.

Name In Out Nodereduction
apex6 135 99 1
apex7 49 37 1
C3540 50 22 2
C499 41 32 1
C880 60 26 1
ex5 8 63 2
frg2 143 139 1
i10 257 224 41
intb 15 7 2
signet 39 8 2
x2dn 82 56 0

Table5.3: Sizesof SBDDsafterrecursive application.

Name In Out Monolithic Bi-partitioned
Once Recursive

apex6 135 99 711 674 671
apex7 49 37 302 253 244
C880 60 26 4166 4012 3975
exep 30 63 675 612 550
frg2 143 139 1117 1116 1114
i10 257 224 24054 24031 19981
intb 15 7 608 607 567
rckl 32 7 198 188 178
signet 39 8 1472 1326 1226
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Table5.4: Comparisonof theheuristicmethodandexactmethod.

(a) WhenBDDsareminimizedby anexactalgorithm[11].
Name In Out Monolithic Bi-partitioned

Alg3.2 Max Min Average
alu2 10 8 70 75 87 69 80.2
clip 9 5 111 104 113 97 106.7
ex1010 10 10 1423 1493 1577 1486 1560.2
ex7 16 5 91 92 94 92 93.1
intb 15 7 608 595 636 560 601.2
max512 9 6 184 192 210 189 200.0
newtpla 15 5 54 55 61 55 57.5
t3 12 8 66 71 84 69 77.7
t4 12 8 44 51 53 46 49.5
x2 10 7 43 44 50 44 47.1

(b) WhenBDDs areminimizedby a heuristicalgorithm[15].
Name In Out Monolithic Bi-partitioned

Alg3.2 Max Min Average
i3 132 6 139 140 140 140 140.0
rckl 32 7 198 188 216 188 209.2
signet 39 8 1472 1326 1478 1316 1377.4
vg2 25 8 90 102 134 102 127.0
x1dn 27 6 139 140 174 140 164.0
x9dn 27 7 139 140 189 140 177.8

[15]. Table5.4(a)shows thatAlgorithm 3.2oftenproduces
solutionsthat are larger than minimum but smaller than
the average.Unfortunately, bi-partitionedBDDs areoften
largerthanmonolithicones.Table5.4(b)shows thatAlgo-
rithm 3.2 obtainedtheminimumsolutionin five out of six
functions.Also in this case,bi-partitionedBDDs areoften
largerthanmonolithicones.

In Tables5.1–5.4,our SBDD do not usecomplemented
edges.

6 Conclusionsand Comments
In this paper, we showed a new methodto representa

multiple-outputfunction, partitionedSBDDs. Partitioned
SBDDsrepresentamultiple-outputfunctionby asetof SB-
DDs, whereeachSBDD is optimizedindependently. The
partitionedSBDDis morecanonicalthanpartitionedBDDs
and free BDDs (FBDDs). We developeda heuristic bi-
partitionalgorithmfor SBDDs,andshowedcaseswherethe
totalnumbersof nodesin bi-partitionedSBDDsaresmaller
thanin monolithicSBDDs.

Theadvantagesof partitionedSBDDsare

1) For eachgroupof outputs,the orderingsof the input
variablesarethesame.Sowe canusewell-developed
toolsfor SBDDs[22].

2) WhennonodesharingamongSBDDsis allowed,they
canbeevaluatedin parallelfor logic simulation[19].

In this paper, we considerapplicationsas usefulwhen
thepartitionshave theproperty

F�GIH�J $&KMLONPN.� � �	)}T F�GIH�J $&KMLONPN.� � ��) c�F�GIH�J $&K-LQNPN.� � )�!
However, for verification,thecriteria for usefulnessis dif-
ferent. EachSBDD is storedin computermemoryoneat
a time, andthe partition is usedto reducethe peakmem-
ory size.In sucha case,thebi-partitionsareusedto reduce���8� @	F4G&H"J $IK-LQN;N.� � � )�� F�GIH�J $&KMLON;N.� � � )�A

.
PartitionedBDDs are consideredin [13]. Their appli-

cationis verification,in which case,extremelylargeBDDs
areneeded.Partitioningis ameansof reducingBDD sizeso
thateachpart fits into memory. Their experimentalresults
show thatthetotal sizesover all partsof a partitionedBDD
are less than the size of the original un-partitionedBDD
in 13 out of 20 benchmarkfunctions. That is, partitioning
resultsin areductionin sizein 65%of thebenchmarkfunc-
tions.
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