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Abstract

A sharedbinary decisiondiagram(SBDD) represents
multiple-outputfunction, where nodesare sharedamong
outputs. A partitioned SBDD usually consistsof two or
more SBDDsthat often sharenodes.The separat&SBDDs
areoptimizedindependentlyoften resultingin a reduction
in the numberof nodesover a single SBDD. We shav a
methodfor partitioninga single SBDD into two partsthat
reduceshe nodecount. Among the benchmarlfunctions
testedanodereductionof upto 16%is realized.
Keyword: Sharedbinary decisiondiagram, SBDD, bi-
partition, multiple-outputfunction,decomposition.

1 Intr oduction

Variousmethodsxist to represenmultiple-outputfunc-
tions[17, 18, 19]. Among them, sharedbinary decision
diagrams(SBDDs) are most commonly used, since their
sizesare usually smaller[19] than other typesof BDDs,
such as multi-terminal binary decision diagrams(MTB-
DDs)[17] andBDDsfor characteristiédunctions(BDDsfor
CFs)[1, 21]. However, for someapplications,SBDDsare
still largeandmorecompactrepresentationarerequired.

In this paperwe proposeamethodto representnultiple-
outputfunctions partitionedSBDDs. Eachpartrepresenta
setof outputs,andis optimizedindependentlySuchBDDs
are considerechs a specialcaseof partitionedBDDs [13,
14,6] andfreeBDDs (FBDDs)[7, 8].

Applicationsof partitionedSBDDsaresimilarto thatof
partitionedBDDs andFBDDs.

1) Hardwaresynthesis.Replaceeachnon-terminalnode
of an SBDD by a multiplexer (MUX), forming a net-
work for F'. This is usedto designmultiplexertype
FPGAs[4] andpass-transistdogic [23].

2) Softwaresynthesig2, 19). Replacesachnon-terminal
nodeby anif thenelsestatementforming a branching
programfor F'.

3) Verification[13, 14, 6]. In verification,a monolithic
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(a) Beforesharing(14 nodes).  (b) After sharing(10 nodes).

Figure2.1: SharedBDD.

BDD may be too large to be storedin a computer
memory So, in this case,small BDDs are generated
sequentially and eachcomponenis checkedone by
one.

2 Partition of SBDDs

An SBDD is consideredas a compactBDD represen-
tation of a multiple-outputfunction, since nodescan be
sharecamongmary outputs.

Example 2.1 Considerthetwo-outputfunction:

fo = x122 @ x324,

f1 = ;731;132\/;733;E4.

In thiscase,m = (1, 23, 23, 24) is a goodordering of the
input variablesfor both f; and f;. Notethat somenodes
can be shaed betweenf; and f;, asshownin Fig. 2.1. In

the figures, dottedlines denote0-edgeswhile solid lines
denotel-edges. (Endof Example)

In an SBDD, therecanbe only oneorderingof input vari-
ablesfor all outputfunctions. Thus, the size tendsto be
large whenthe individual functionshave differentoptimal
orderingsof theinputvariables.
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Figure2.2: Pair of BDDs, whichis smallerthanSBDD.

Example 2.2 Considerthe BDDsof functions:
Jfo = 1z V23za V 2526,
fi = z1xa V zoxs V 2326.

In thiscase,my = (21, 22, 3, T4, 5, ) iS an optimalor-
deringfor fo, while my = (21, 24, 22, 25, 23, 26) IS an op-
timal ordering for f;. Fig. 2.2 showsthe corresponding
BDDs. Togetherthey require a total of 8 x 2 = 16 nodes.
Ontheotherhand,a minimumSBDDfor { fy, f1} requires
17 nodes. In this case,the pair of sepaately optimized
BDDs is smallerthan the optimizedmonolithic SBDD for
{fo, f1}. Thisis an exampleof a partitioned BDD that is
smallerthanthe monolithicSBDD. (Endof Example)

Fromtheseexampleswe canformulatethefollowing:

Problem 2.1 (Partitioned SBDD)

Givena multiple-outpt function 7', representF' by a set
of SBDDsso that the total numberof nodesis minimized,
whele eat SBDDis optimizedndependently

3 Bi-partition of SBDDs

Before consideringa generalpartitioning problem,we
startwith a simplerproblem,i.e., the bi-partition problem
We canobtaina generalpartition by applying bi-partitiors
recursvely.

Definition 3.1 Let F = {fo, f1,.-., fm—1} bethe setof
the outputfunctions.size(SBDD, F, w) denotegshenum-
ber of nodesin the SBDDfor F', wheee r is theordering of
theinput variables. size(SBDD, F') denoteshe number
of nodesin theminimumSBDDfor F' overall orderings.

Then,we canformulate,

Problem 3.2 (Bi-partition of an SBDD)

Givena multiple-outputfunction 7' = { fo, f1,.. ., fm-1},
representF bya pair of SBDDssothatsize(SBDD, F1 )+
size(SBDD, Fy) is minimizedwhee Fy U F, = F, F1 N
Fy = ¢, andF1 ;é (;5

It is possiblethat, for all non-trivial bi-partitions,the total
numberof nodesn the partitionedSBDD is greaterthanin
the original one. In this case we acceptthe original given
SBDD asthe bestwe cando. This is representeds the
trivial partition ' = (F, ¢), where¢ is thenull set.For ex-
ample,ary non-trivial partition of the SBDD in Fig. 2.1(b)
will increasehenodecount.

Algorithm 3.1 (Bi-partition of an SBDD: Exactmethod)
1. min_size ¢ oo.

2. Enumeate a bi-partition {Fy, F»} of F = {fo, f1,
..,fm_l},WhEEFl UFy=FandF, NFy = (]5 If
done,stop.

3. size « size(SBDD, F1) + size(SBDD, F).
4. If (size < min_siz), thenmin_siz « size.
5. Goto 2.

Although Algorithm 3.1 producesan exactminimum solu-
tion, it requiresT” = 2™~! minimizationsof pairsof SB-
DDs, sinceT is the numberof bi-partitionson F'. So,this
methodis only practicalfor functionswith smalln andm.
Thefollowing is a heuristicalgorithmthat canbe usedfor
functionswith large BDDs.

Algorithm 3.2 (Bi-partition of an SBDD: Heuristic
method)

1. Simplifythe SBDDfor F' by usingtheheuristicmethod
[15]. Letw; bean ordering of theinputvariablesthat
simplifiesthe SBDDfor F'.

2. Simplifythe BDD for each componenfunctionf; (i =
0,1,...,m — 1) by using the methodof [15]. Let
_ size(BDD, f;)
~ size(BDD, f;,m)’

1 m—1
3. ray = — ; ri, Fy < ¢,and Fy « ¢.
For eadh f;
if (r; < rqy) then
F « R u{fi}
else
Fy « FyU {fz}

4. 1 « size(SBDD, Fy) + size(SBDD, Fy).
5. Let f, bea functionthathastheminimalr; in F.

6. ea « size(SBDD,Fy U {fn}) + size(SBDD,
Fy —{fn})-
If (61 > 62) then
€1 < €9
Fi « "u {fh}
Fy = Fy — {fn}
goto s



7. Let f, beafunctionthat hasthemaximalr; in F.

8. ea « size(SBDD,Fy U {fn}) + size(SBDD,
By —{fa}).

If (61 > 62) then
€1 < €9
P« F - {fh}
Fy + FsU{fn}
goto7

else
stop

4 NodeSharing

In this part,we consideithecasewvherenodesareshared
acrossSBDDs. Suchapplicationsexist for hardwareand
softwaresynthesis.

Example4.1 In Fig. 2.2, the non-terminalnodeslabeled
zg, and constantnodescan be combinedyieldinga BDD

with 13nodes However theresultingBDD is notan SBDD
becauseof different orderings for input variables across
middlelevel nodes. (Endof Example)

As shavn in theabore example,nodesharingcanproduce
a BDD thatis notan SBDD. Thus,we cannotuseexisting

BDD packagesTherefore we performthis operationasa

separat@rocess.

Proposition4.1 Let v, and v; be nodesof two SBDDs:
SBDDOand SBDD1,respectively If v, and v; represent
thesamelogic function,thenonecanberemoved.

This is a sufiicient conditionto sharea nodebetweentwo
SBDDs. The following example shavs a casewheretwo
nodesrepresentinglifferentfunctionscanbeshared.

Example 4.2 Considerthetwo functions:

fo =
=

Fig. 4.1showsa pair of BDDsrepresentingf; and f;. Note
that vg representsf;, and v; representghefunctionz;zs.
Fig. 4.2 showsthe BDD after nodesharing Notethatvg is
usedinsteadof v; torepresentf;. Indeedy, representghe
function f; since,

(Z122 V 2129)23,

l‘li‘gl‘g \Y .i‘ll‘gi‘g.

ZofoV 22Z1Z3 = T1Z2x3V 222123 = f1.

Note that the BDD in Fig. 4.2 is not an SBDD, since z
occurstwice in pathsfrom the nodefor v, to the constant
nodes. (End of Example)

In theinterestof anefficientalgorithm,weignoretheabore
case,which involvesa comple analysis,andwe only use
Propositiond.1for nodesharingbetweertwo SBDDs.

f0: (Y]_Xz v Xliz) X3

f]_: X1 X2X3v X1 X2X3

Figure4.1: Pair of BDDs.

fo=(XaXav X1X2) X3 fy=X1X2X3v X1X2X3

Figure4.2: Sharingnodeghatrepresentlifferentfunctions.
Algorithm 4.1 (Nodesharingbetweertwo SBDDS)
1. For eat node,assigntwo weightsasfollows:
weight_a = ||

weight_b = Z?i depend(v, i),

i=1

whete ¢ is thefunctionrepresentedythenode,|| is
thenumberof 1'sin its truth table,and

depend(,i) =1 if ¢ depend®nz;
=0 otherwise

2. Selecta node v, from SBDDOand a node v; from
SBDD1.For ead pair of nodes(vg, v1) thathavethe
samevaluesfor both weighta and weightb, ched if
they representthe samefunction. If so, removethe
node v; (not the subtee) that has fewer successor
nodesthat are shaed by other parts of the SBDD.All
edgedeadingto theeliminatednodev;, are redirected
to theothernodev; _;.

3. Removeain-refeencechodeqe.g., a nodemayhaveno
incomingedgesbecausdts predecessorsvere elimi-
natedin Step2).

4. RepeaiSteps2 and 3 until all pairs of nodesare con-
sidered.



Table5.1: Sizeof bi-partitiored SBDDs.

Name In | Out | Monolithic | Bi-partitioned | Time (sec)
ape6 135| 99 711 674 2010.4
ape’ 49 | 37 302 253 2043.1
C499 41| 32 27876 27862 472.4
C3540 50| 22 34710 34543 369.8
C880 60| 26 4166 4012 121
clip 9 5 111 110 0.1
ex5 8| 63 342 339 3.0
exep 30| 63 675 605 80.9
frg2 143 | 139 1117 1116 27.9
i10 257 | 224 24054 24031 19133.8
intb 15 7 608 607 1.6
jbp 36| 57 467 444 2.9
rckl 32 7 198 188 0.6
signet 39 8 1472 1326 13.4
toolarge | 38 3 329 324 2.2
x2dn 82| 56 243 234 27.6

IBM PC/AT compatible Pentiumlll1GHz,Linux 2.2.16

5 Experimental Results
5.1 Performanceof heuristic method

Weimplementedilgorithms3.2and4.1,andpartitioned
BDDs for mary benchmarkfunctions. Table 5.1 lists the
functionswherethe bi-partitionedSBDDsaresmallerthan
monolithic SBDDs. In thesecasesnodesharingwas not
performed(i.e. Algorithm 3.2 only was applied). In the
caseof ape7, areductionof 16%is achieved.

Table 5.2 lists the functions where the non-terminal
nodeswere reducedby nodesharing(i.e. Algorithm 3.2
and 4.1 were used). Unfortunately the numberof nodes
reducedby Algorithm 4.1is notsolarge.

We appliedAlgorithm 3.2 to the resultsof Table5.1,re-
cursively. Table5.3lists the functionswherethe recursve
applicationof Algorithm 3.2 reducedhe total nodecount.
In aboutone-halfof thecasestecursie applicationresulted
in significantnodereductionover oneapplication.

5.2 Comparison of heuristic and exactmethod

To seethe quality of the bi-partitiors obtainedby Algo-
rithm 3.2, we comparedAlgorithm 3.2 with an exhaustive
method.The exhaustie methodproducedall the partitions
of the outputs. Table 5.4 compareghe sizesof BDDs for
benchmarkfunctionsby using Algorithm 3.2 and the ex-
haustie method. Alg3.2 denoteghe size of bi-partitiored
BDDs obtainedby Algorithm 3.2; Max denotesthe max-
imum size of bi-partitionedBDDs; Min denoteshe min-
imum size of bi-partitioned BDDs; Average denotesthe
averagesize of bi-partitionedBDDs for all the partitions.
Table 5.4(a) shavs the casewhere the BDDs were opti-
mized by an exact method[11]. Table 5.4(b) shaws the
casavheretheBDDswereoptimizedby aheuristicmethod

Table5.2: Numberof non-terminalnodesreducedby node
sharing.

Name In | Out | Nodereduction
apx6 | 135 99 1
ap’ 49| 37 1
C3540| 50| 22 2
C499 41| 32 1
C880 60| 26 1
ex5 8| 63 2
frg2 143 | 139 1
i10 257 | 224 41
intb 15 7 2
signet | 39 8 2
x2dn 82| 56 0

Table5.3: Sizesof SBDDsafterrecursve application.

Name| In | Out | Monolithic Bi-partitioned
Once| Recursie
apx6 | 135| 99 711 674 671
apx7 | 49| 37 302 253 244
C880 | 60| 26 4166 | 4012 3975
exep 30| 63 675 612 550
frg2 | 143 | 139 1117 | 1116 1114
i10 257 | 224 24054 | 24031 19981
intb 15 7 608 607 567
rckl 32 7 198 188 178
signet| 39 8 1472 | 1326 1226




Table5.4: Comparisorof the heuristicmethodandexactmethod.

(a) WhenBDDs areminimizedby anexactalgorithm[11].

Name In | Out | Monolithic Bi-partitioned

Alg3.2 | Max | Min | Average
alu2 10 8 70 75 87 69 80.2
clip 9 5 111 104 | 113 97 106.7
ex1010 | 10| 10 1423 | 1493\ 1577 | 1486 | 1560.2
ex7 16 5 91 92 94 92 93.1
intb 15 7 608 595| 636 | 560 601.2
max512| 9 6 184 192 | 210| 189 200.0
newtpla | 15 5 54 55 61 55 57.5
t3 12 8 66 71 84 69 77.7
t4 12 8 44 51 53 46 49.5
X2 10 7 43 44 50 44 47.1

(b) WhenBDDs areminimizedby a heuristicalgorithm[15].

Name| In | Out | Monolithic Bi-partitioned

Alg3.2 | Max | Min | Average
i3 132 6 139 140| 140 140 140.0
rckl 32 7 198 188 | 216| 188 209.2
signet| 39 8 1472 | 1326 1478| 1316| 1377.4
vg2 25 8 90 102 | 134| 102 127.0
x1dn 27 6 139 140 | 174 | 140 164.0
x9dn 27 7 139 140| 189 | 140 177.8

[15]. Table5.4(a)shovsthatAlgorithm 3.2 oftenproduces
solutionsthat are larger than minimum but smaller than
the average. Unfortunately bi-partitionedBDDs areoften
largerthanmonolithic ones.Table5.4(b) shavs that Algo-
rithm 3.2 obtainedthe minimum solutionin five out of six
functions. Also in this case bi-partitiored BDDs areoften
largerthanmonolithicones.

In Tables5.1-5.4,our SBDD do not usecomplemented
edges.

6 Conclusionsand Comments

In this paper we shaved a newv methodto representa
multiple-outputfunction, partitionedSBDDs. Partitioned
SBDDsrepresenamultiple-outputfunctionby asetof SB-
DDs, whereeachSBDD is optimizedindependently The
partitionedSBDD is morecanonicathanpartitionedBDDs
and free BDDs (FBDDs). We developeda heuristic bi-
partitionalgorithmfor SBDDs,andshavedcasesvherethe
total numberf nodesn bi-partitionedSBDDsaresmaller
thanin monolithicSBDDs.

Theadwantage®f partitionedSBDDsare

1) For eachgroupof outputs,the orderingsof the input
variablesarethe same.Sowe canusewell-developed
toolsfor SBDDs[22].

2) Whenno nodesharingamongSBDDsis allowed, they
canbe evaluatedn parallelfor logic simulation[19].

In this paper we considerapplicationsas usefulwhen
the partitionshave the property

size(SBDD, F1)+size(SBDD, Fy) < size(SBDD, F).

However, for verification,the criteriafor usefulnesss dif-
ferent. EachSBDD is storedin computermemoryone at
a time, andthe partition is usedto reducethe peakmem-
ory size.In sucha casethebi-partitionsareusedto reduce
max{size(SBDD, F1), size(SBDD, F3)}.

Partitioned BDDs are consideredn [13]. Their appli-
cationis verification,in which casegextremelylarge BDDs
areneededPartitioningis ameanf reducingBDD sizeso
thateachpartfits into memory Their experimentalresults
shaw thatthetotal sizesover all partsof a partitionedBDD
are lessthanthe size of the original un-partitionedBDD
in 13 out of 20 benchmarkunctions. Thatis, partitioning
resultsin areductionin sizein 65%of the benchmarkunc-
tions.
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