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Abstract

A realizationof multiple-outputlogic functionsusingan
irredundantcascadeis presented.First, a multiple-output
functionis representedby an encodedcharacteristic func-
tion for non-zeros(ECFN).Then,it is representedbya cas-
cadeof look-up tables(LUTs). Multiple-output functions
for benchmarkfunctionsare realizedby cascadesof LUTs,
andthenumberof LUTsandlevelsof cascadesare shown.
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1. Intr oduction

Two of the most crucial problemsin systemLSIs are
their long designtime and short life cycles [3]. A solu-
tion to theseproblemsmay be reconfigurablearchitecture.
ReconfigurableLSIs will reducethehardwaredevelopment
time drastically, sinceoneLSI canbe usedfor variousap-
plications.

In this paper, we considera realization of combina-
tional logic functionsby reconfigurablearchitecture.Var-
ious methodsexist to realize multiple-output logic func-
tionsby reconfigurablearchitecture.Amongthem,random
accessmemories(RAMs) andprogrammablelogic arrays
(PLAs)directly implementlogic functions.However, when
thenumberof inputvariables� is large,thenecessaryhard-
warebecomestoo large. Thus, field programmablelogic
arrays(FPGAs)areoftenused. Unfortunately, FPGAsre-
quire layout androuting in additionto logic design.Also,
the areafor programmingand interconnectionsare much
larger thanthe logic area.Thus,FPGAsrequirelarge chip
area.

When speedof the operation is not so important, a
general-purposemicroprocessorcanbe usedto implement
logic functions.However, themicroprocessorimplementa-
tion is often100to 1000timesslower thanthedirectcircuit
realizations.Also, thepowerdissipationis ratherhigh.

In thispaper, we survey our recentwork oncascadesyn-
thesis[19, 6, 20,12, 21]

Table 2.1. Decomposition chart.���
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�����
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0 0 1 1
0 1 0 1

0 0 0 1 1 0� � 	���
�����
����
0 1 1 1 1 1
1 0 0 1 1 0
1 1 0 0 0 0

2. Functional DecompositionusingBDDs

Definition 2.1 Let
� 	���
�����
����� ! ! ���
�"#�

be input vari-
ables. A set of variables

�
is denotedby $ �&% . � 	�'���(�)�*���

is a partition of
�

if $ ����%,+ $ �*�-%.	 $ �&% and$ � � %0/ $ � � %1	32 . Thenumberof variablesin
�

is denoted
by 4 � 4 .
Definition 2.2 For a logic function 5 �6�7� , let

� 	�'���(�)�*���
be a partition of

�
. Thedecompositionchart

of 5 , denotedby 8 � 5:9 � � �)� � � , is thematrix having ; "�<
columnsand ; "�= rows. In 8 � 5>9 �?���)�.��� , each row and
columnhaslabel with binary number, andthecorrespond-
ing elementdenotesthe truth valueof 5 , where � �@	 4 �?� 4
and � � 	 4 � � 4 . Thecolumnsand rowshaveall possible
patternsof � � bitsand � � bits, respectively.

Example2.1 Let 5 �'�7� bea 4-variablefunction,and
�A	�'���(�)�*���

be a partition of
�

, where
�?�7	B��
�����
����

and� � 	���
��C��
����
. Table2.1is anexampleof a decomposition

chart. (Endof Example)

Definition 2.3 Thenumberof different columnpatternsin
a decompositionchart is the column multiplicity , and is
denotedby D .

Thecolumnmultiplicity of a decompositionchartdepends
on thepartition

�A	��'� � �)� � �
of theinput variables.

Lemma 2.1 [2, 5] Let the partition of
�

be
�'���(�)�*���

. If
the columnmultiplicity of the decompositionchart 8 � 5�9� � �)� � �

for a function 5 is D , then 5 canberepresentedas5 �6�7�*	FEG��H � �'� � ����H � �6� � ���! ! � ���HJI��'� � �K�L� � � , and 5 can
berealizablewith thenetworkstructure shownin Fig. 2.1,
where M 	ON6PRQTS � DVU . � � is thebound set.
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Figure 2.1. Functional Decomposition.
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Figure 2.2. Functional decomposition using
BDD.

Lemma 2.2 [8, 14] Let
�'� � �L� � �

bea partition of
�

, and
let the BDD of the function 5 be partitionedas shownin
Fig. 2.2. Supposethat W nodesin thelower block are adja-
centto theupperblock. Also,let thecolumnmultiplicity of
thedecompositionchart 8 � 5X9 �?���)�.��� for thefunction 5
be D . Then,D 	 W .
Definition 2.4 [11] Thewidth of the BDD at level W is the
numberof edgescrossingthesectionof thegraphbetween
JY

and

JY�Z[�

, where the edgespointing to the samenodes
are countedasone. Thewidth of theBDD is themaximum
widthof theBDD amongthelevels.

Theorem 2.1 Consider a BDD for an � -variable logic
function 5 . Let the width of the BDD be D�\,]�^ . If M 	N'P_Q0S � D \,]�^ U@`aW.bdc , then 5 canberealizedby a cascade
of W -LUTsshownin Fig. 2.3.Let e bethenumbersof levels
of thecascade,and f bethenumberof LUTs,thenwehaveN��*ghM.bi;Wjb>c Uk` el`mcng N���boMpb>cWpboM U

N �*ghMpbh;Wqb>c UrgsMpbsc@`tf ` N �ubhMpbvcWqbhM U�Mjg3c
Theorem 2.2 Let e bethenumberof levelsof thecascade
in Fig. 2.3. Then,wehave

N �*bxwMWqbxwM Uk`ve@`�c0g N �ubywMqb>cWqbywM U , where wM 	 ce,b>c
z|{ �} ~
� � M

~  
M
~ 	�N'P_Q0S � D

~
U and D

~
is the columnmultiplicity for the

decompositionof 5 , where
� � +p� � +��!����+p� ~

is thebound
set.

Theorem2.2givestighterboundson e thanTheorem2.1.
Since wM is hardto obtain,we approximateit by theaverage
valueof the logarithmof thewidths of all the levels in the
BDD. Fromtheserelations,wecaneasilyestimatethenum-
berof LUTs andthelevel of thecascade.
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Figure 2.3. The network obtained by applying
functional decompositions e�b>c times.

3. Representationof Multiple-output Function
by ECFN

Although the methoddescribedin the previous section
is usefulfor a single-outputfunction, it is hardto apply to
multiple-outputfunctions.In thecaseof an � -outputfunc-
tion, thenumberof terminalnodesof theMTBDD [15] can
be as much as ; \ , which may be too large to construct.
Also, therepresentationsusingcharacteristicfunction(CF)
of multiple-outputfunctionhave beendeveloped[1]. How-
ever, in many cases,BDDs for CFs are too large to con-
struct.Fromthis,we usethefollowing methodto represent
a multiple-outputfunction.

Definition 3.1 [18] Let � functionsbe 5�� �_�o	A��� c �� ! ! L���bac � . Theencodedcharacteristicfunctionfor non-zero
outputs(ECFN)is

�q�j� f 	�� {
��

� ���n�
���C� <
� { � �

���C� =
� { � ���!� �

�L�� 5�� �
where �� 	�� � � { � � � � { � �! ! � �� � � � is the binary representa-
tion of theinteger

�
, and � 	�N6PRQTS � ��U .

Note that � � � � � �! � ! L� � � { � are auxiliary variablesthat
representtheoutputs.

Example3.1 Considerthe caseof � 	��
. Let � � , � � ,and � � be the auxiliary variables that representoutput

groups. In this case,the ECFN of the 8-output function� 5 � � 5 � �� ! � �� 5�� � is representedby�j�j� f 	��� � �� � �� � 5 �¡  �� � �� � � � 5 �   �� � � � �� � 5 �   �� � � � � � 5 �  � ���� ���� � 5 �   � ���� � � � 5�¢   � � � �C�� � 5�£   � � � � � � 5 �
(Endof Example)

Whenconstructinga BDD for anECFN,we canreduce
thewidth of theBDD by mixing theauxiliaryvariablesand
ordinary input variables. As will be shown in the experi-
mentalresults,thewidthsof theBDDsobtainedin thisway
are,in mostcases,smallerthanthoseof SBDDs,BDDs for
CFs,andMTBDDs for thecorrespondingfunctions.When
all theauxiliary variablesareadjacentto theroot node,the
BDD is equivalentto anordinarySBDD.Ontheotherhand,
whenall the auxiliary variablesareadjacentto the termi-
nal nodes,the BDD is equivalent to the MTBDD. We can
alsoreducethesizesof BDDs by consideringtheencoding
methods[18].
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Figure 3.1. Cascade.

4. Experimental Results

4.1.Realizationof Cascades

Table 4.1 shows the resultsfor the cascaderealization
of benchmarkfunctions. This tableshows that the sizeof
BDDs for ECFNsare, in most cases,smaller than corre-
spondingMTBDDs andBDDsfor CFs.Blankentriesshow
thattheBDDsweretoo largeto construct.

We optimizedthe BDD for ECFN by mixing the input
variablesand auxiliary variables. We found the ordering
of the variablesby usinga heuristicsthat reducesthe to-
tal numberof nodesin the QROBDD [15]. Note that this
heuristicwill reduce wM in Theorem2.2.For somefunctions,
thenumberof nodesin theBDDs increases,in spiteof the
reductionof wM . In thetable, D \,]�^ � denotesthewidth of the
sharedBDDs(SBDDs),and D \
]|^ � denotesthewidth of the
BDD for the ECFN. In mostcases,our heuristicsreduced
the widths of BDDs: Exceptionsare C3540and rot. e �
shows thelower andupperboundson thenumberof levels
obtainedfrom Theorem2.1. Similarly, e � shows the lower
andupperboundson the numberof levels obtainedfrom
Theorem2.2. We canseethat e � is tighter than e � . Also,e denotesthenumberof levels in a cascade,and f denotes
thenumberof LUTs. In this experiment,encodingsof out-
puts [18] arenot optimized. Currently, we do not have a
goodalgorithmthatworksfor largeBDDs.

Murgai-Hirose-Fujita[13] have developeda logic simu-
lationsystemwhichrealizesgivenfunctionby using W -LUT� W 	 c�¤ � . In their paper[13], no level of thenetworksare
shown. So,wedid similarexperimentby usingMIS-FPGA,
andobtainedf , thenumberof LUTs, and e , thenumberof
levels. In this experiment,we usedthefollowing script:

> xl_imp -n 2
> xl_partition -n 15
> simplify
> xl_partition -n 15

Theresultsareshown in thelast two columnsof Table4.1.
In most cases,MIS-FPGA producednetworkswith more
LUTs, but fewer levels.

Sincetheevaluationtime of thecascadeis proportional
to e � � , when � is largewe have to reducethenumberof
levelsby partitioningtheoutputset.Table4.2comparesthe
numbersof LUTs andlevels of cascadeswhentheoutputs
arepartitionedinto four andeight groups.By partitioning
the outputsinto four groups,the numberof levels can be
reducedto half. In this case,theparallelevaluationis more
thaneighttimesfasterthantheoriginalone.

Table 4.2. Results of Output Partition.
Name Without 4 partition 8 partition

partitione LUTs e LUTs e LUTs
C2670 28 170 12 178 11 183
C5315 23 142 13 257 10 295
C7552 25 156 17 216 17 203
des 34 235 15 319 9 293
rot 18 125 9 179 7 203

5. Conclusions

In this paper, we have shown a methodto representa
multiple-outputlogic functionby acascadeof W -LUTs.

Thefeaturesof themethodinclude:

1. Thesystemusesa cascadeof LUTs: Thehardwareis
simpleto implement.Thedesignconsistsof iterative
decompositionsof BDDs for ECFNs.

2. Thesystemusesmultiple-outputLUTs: It is fasterthan
Murgai-Hirose-Fujita’ssimulator.

3. ThesystemusersBDDsfor ECFNs,whicharesmaller
than the correspondingSBDDs: The input variables
and the auxiliary variablesare mixed to reducethe
BDDs.

In this paper, we only consideredthecasewherethevalues
of W arethesamefor all thestagesof acascade.However, in
general,thevalueof W canbedifferentfor differentstages.
By usingthis technique,we canimplementlarger function
on a smallermemory.
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