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Abstract— In this paper, we proposeexactand heuristic algo-
rithms for minimizing the memory sizefor heterogeneoudMulti-
valued Decision Diagrams (MDDs). In a heterogeneousMDD,
eachmulti-valued variable cantake a different domain. To repre-
senta binary logic function using a heterogeneousMDD, we par-
tition the binary variables into groups, and treat the groups as
multi-valued variables. Therefore, the memory size of a hetero-
geneousMDD dependson the partition of the binary variables.
Our experimental resultsshowthat heterogeneousvMDDs require
smaller memory sizethan ReducedOrdered Binary DecisionDi-
agrams (ROBDDs) and FreeBDDs (FBDDs).

|. INTRODUCTION

Reduced Ordered Binary Decision Diagrams (ROB-
DDs) [2], FreeBDDs (FBDDs) [5, 6, 19|, and Multi-valued
DecisionDiagrams(MDDs) [9] are extensvely usedin logic
synthesig4], logic simulation[10], softwaresynthesig8], etc.
Sincethe memorysizesfor theseapplicationsdependon the
size of the DecisionDiagrams(DDs), minimizationfor DDs
are very important. Particularly in softwaresynthesis,in-
tensve minimization of DDs is requiredto generatea com-
pact programcode. Most minimization algorithmsfor DDs
usevariablereorderingapproachef, 5, 6, 7, 15, 19]. How-
ever, whenMDDs areusedto represenbinarylogic functions,
we can usean additionalminimization approachwhich is a
partition of binary variables[14]. To represent binarylogic
functionusinganMDD, we patrtitionthe binaryvariablesinto
groups,and treat eachgroup as a multi-valued variable. In
mary casesthe groupshave the samenumberof binary vari-
ables.In aheterogeneousIDD [14], thegroupscanhave dif-
ferentnumbersof binaryvariables.Evenif the orderingof the
input variablesis fixed, heterogeneouMDDs can represent
logic functionswith smallermemorysize thanthe ROBDDs
and comparablememorysize to the FBDDs by considering
only the partition of input variableq14].

In this paper we proposeexactandheuristicalgorithmsfor
minimizing memorysizethat considerboth partitionsandor-
deringsof binaryvariables.By experiment,we shav thatthe
memorysizesfor heterogeneouglDDs aresmallerthanROB-
DDs andFBDDs.

I1. DEFINITIONS

A. Partitionsof Binary Variables

Definition 2.1 Let f (X) beatwo-valuedogic function,wheie
X = (X1,X2,..., %), and % (i =1,2,...,n) are binary vari-
ables. Let {X} denotethe setof variablesin X. If {X} =
KU Pt UL U X} and {X} N {X;} = (i # j), then
(X1, X2,...,Xy) is a partition of X. X is treatedas a multi-
valued variable. If |X| =k (i=1,2,...,u) andky + ko +

...+ ky = n, thenatwo-valuedogic function f (X) canberep-
resentedythemappingf (X1, Xo, ..., Xy): PLxPax P3x ... x
P, —B,wheeP ={0,1,2,...,.2 -1} andB= {0, 1}.

Definition 2.2 A fixed-order partition of X = (xg, %o, ..
is a partition into (X1, Xz, ..., Xy), whee Xy = (X1, X2, ..., Xq ),
XZ = (Xk1+l1xk1+21~~~1xk1+k2)1 Tt XU = (Xk1+k2+....+k.u,1+ly
Xig+ko+..+ky 1420 ---»Xn—1,%n), and |X| = k. Thatis, in the
fixed-oder partition of X, thevariable order of X is fixed.

- %n)

Definition 2.3 Whenthevariableorder of X = (X1, X2, ..., %n)
is not fixed,a partition of X is a non-fixed-order partition of
X.

We assumehatthe givenlogic functionis completelyspec-
ified andexcludesredundanvariables.

B. Heterogeneous!DD

In this paper we usethe standarderminologiesor BDDs,
ReducedOrdered BDDs (ROBDDs or OBDDs) [2], Free
BDDs (FBDDs) [5, 6, 19, MDDs, and ReducedOrdered
MDDs (ROMDDs) [9].

Definition 2.4 WhenX = (x1,X2,...,%)) is partitioned into

(X1, X2,...,Xy), an ROMDD representinga logic function
f(X) is a heterogeneousMDD. A hetengeneousvDD rep-
resentsa mappingf : PL x P, x ... x B, - B, whee B =

{0,1,...,2%—1} andB = {0,1}. In a hetengeneousviDD,

non-terminalnodesrepresentingX; have2X outgoingedges,
wheee k; denoteghe numberof binary variablesin X;.

Definition 2.5 In a DecisionDiagram (DD), the number of
nodesin the DD, denotedby nodegDD), includesonly non-
terminalnodes.

Definition 2.6 Thewidth of the MDD with respecto X;, de-
notedby width(MDD, i), is the numberof nodesin the MDD
correspondingo the variable X;. Thenumberof nodesin the
MDD for a functionf (Xg, Xz, . . ., Xy) is givenby

u
nodeMDD) = leidth(MDD, i).
i=

Example 2.1 Consider the function f = X;XoX3 V XoX3Xa V
X3XaX1 V XaX1X2. Fig. 1 representstwo hetepgeneousviDDs
for f. In Fig. 1(a), the binary variablesare partitionedinto
(X1, X2), whele X; = (X1,X2,X3) and X2 = (xa). In Fig. 1(b),
X1 = (x1) andXz = (X2, X3, Xa). (Endof Example)

In this paper we use SharedBDDs (SBDDs) [11] and
SharedMDDs (SMDDs) to representmultiple-outpa func-
tionsF = (fo, f1,..., fm—1) : B" = B™, whereB = {1,0}, and
n andm denotethe numberof inputsandoutputs respectrely.
In thefollowing, aBDD andan MDD meanan SBDD andan
SMDD, respectiely, unlessstatedotherwise.



(a)
Fig. 1. HeterogeneousDDs
TABLE |
THE NUMBERS OF DIFFERENT DDS FOR N-VARIABLE FUNCTION
n || OBDD:n! | MDD: Nnon-fix(N) FBDD: §,
1 1 1 1
2 2 3 2
3 6 13 12
4 24 75 576
5 120 541 1658880
6 720 4683 | 1651129712600

I1l. MINIMIZATION OF HETEROGENEOUS MDDs

A. Numberof HeterogeneoukIDDs
Theorem3.1 1 Let Nnon-fix(n) bethenumberof differentnon-
fixed-oder partitionsof X = (x1,X2, ..., X%). Then,

Nnorr fix(N) = il_iorci(r — i)n(—l)i~

Thereforethenumberof differentheterogeneougDDs for
ann-variablelogic functionis givenby Npon-fix(N).

Tablel compareshe numbersof OBDDs, FBDDs,andhet-
erogeneousviDDs for n-variablelogic functions, wherethe
numberof FBDDs S, is givenby [19]

S=nS_;= |£| @

k=1

Thenumberof heterogeneoudIDDs increasesvith n more
slowly thanthe numberof FBDDs. Thus, optimum hetero-
geneousMDDs are easierto find than optimum FBDDs for
n > 4. However, whenn is large, finding optimum heteroge-
neousMDDs within areasonabléime is difficult.

B. Memory Sizesfor Heterogeneous!iDDs

Definition 3.7 The memory size of a DD is the numberof
words neededo representthe DD in memory whee we as-
sumethata word is large enoughto store a singledata.

In memory anon-terminainoderequiresanindex anda set
of pointersthatreferto thesucceedingnodes.Sinceeachnon-
terminalnodein a BDD hastwo pointers,the memorysize
neededo represena BDD is givenby

(2+ 1) x nodegyBDD). @
In a heterogeneou#IDD, each non-terminalnode has 24
pointers, where k; is the numberof binary variablesin X;.
Therefore,the memorysize for heterogeneouMDD is cal-
culatedby

u
Z\(Z"i + 1) x width(heterogeneousIDD, i).

1Theproofis availablein http://wwwlsi-cad.com/Hetero-MDD/

Algorithm 1
exhaustve_search(BDD)
minmemoy = minimize_memory () ;
for (all permutation®f binaryvariables)
Changethevariableorderfor BDD ;
if (minmemoy < nodeg BDD) + 2) continue;
currert _memoy = minimize_memory () ;
if (currert_-memoy < min.memoy)
min.memoy = currert_memoy ;
Recordthevariableorderfor the BDD ;
10: Recordthe partitionof binaryvariables;

Fig. 2. Exactmemoryminimizationalgorithm.
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Example 3.2 The memorysizesof heteogeneousMIDDs in
Fig. 1 (a,b) are 12and 21, respectively  (Endof Example)

Definition 3.8 Givena logic function f and an order of its

input variables, the fixed-order minimum heterogeneous
MDD for f isthehetepgeneoutDD with theminimummem-
ory sizeamongthe fixed-oder partitions of the variables.

Definition 3.9 Givena logic function f, the minimum het-
erogeneousMDD for f is the heteogeneousMDD with the
minimummemorysizeamongall possiblenon-fixed-oder par-
titions of thevariables.

Property 3.1 Considera logic function f (X). LetMenmin(f)

be the memorysize neededto representa fixed-oder mini-
mumhetepgeneoudDD for f. Whenf is decomposethto
f = g(h(X1),X2), let Memmin(g) and Memmin(h) bethe mem-
ory sizesneededo representfixed-oder minimumhetepge-
neousMDDs for g and h, respectively For manybendtimark
functions thefollowing relationshold:

MeMmin(f) > Menhin(g), MeMmin(f) > Memmin(h).

C. Minimization Algorithms

Sincethe memorysize of a heterogeneouMDD depends
on both the partitioning and the orderingof the binary vari-
ablesX, we formulatethe memoryminimizationproblemfor
heterogeneousIDD asfollows:

Problem3.1 Givena logic function f(X), find a non-fixed-
order partition of X that produceghe minimumheteogeneous
MDD.

Example 3.3 Fig. 1(a) showsthe minimum hetepgeneous
MDD for the function f, while Fig. 1(b) showsthe maximum
heteogeneoudIDD for f. (Endof Example)

Fig. 2 shows pseudo-codéo solve Problem3.1. In the 2nd
and6thlinesin Fig. 2, minimize_memory [14] finds anopti-
mum fixed-orderpartition. In the 5th line, a theoremin [13]
is usedto reducethe computatiortime. Algorithm 1 findsthe
minimum heterogeneous!DD by exhaustve search.
However, asdescribedn Sectionlll-A, whenthe number
of binaryvariablesis large, finding a minimumheterogeneous
MDD within areasonablémeis difficult. Thus,we developed
a heuristicminimizationmethodfor heterogeneousIDDs us-
ing the sifting algorithm[15] andthe fixed-orderpartition al-
gorithm[14]. Thesifting algorithmconsistsof two steps:

1. Changehevariableorder
2. Computeacost.



Algorithm 2
sifting_-memory(BDD)
cod = minimizememory() ;
do
for (vx; € X)
bed_p = currentpositionof x; ;
for (all positionp)
Move x; to positionp;
memoy = minimize.memory() ;
9: Computel mem;

10: if (cog < Lmem break;

11: if (memoy < cog)

12: cog = memoy ;

13: bes_ p=p;

14: Recordthe partitionof binaryvariables,
15: Move x; to bes_p;

16: while (cog is reduced)

Fig. 3. Heuristicmemoryminimizationalgorithm.

Most sifting algorithmsusethe numberof nodesin the BDD
asthecost. In this paper however, we usethe memorysizeof
theheterogeneoug!DD asthecost.Fig. 3 shavs pseudo-code
for the heuristicminimizationalgorithm. The Lyemin the 9th
line denoteghe memorysizeof fixed-orderminimum hetero-
geneousMDD for subfunctiong or h obtainedby functional
decompositiorf (X) = g(h(X1), X2). Whenx; movesdown to
the bottomof the BDD, we useh to computel nem WhereX;
containsthe binary variableswhich are above the level of
in the variableorder and X, containsthe remainingones. If
cod < Lmem We stop the sifting of x; to the bottom because
sifting of % further down to the bottom seldomreducesthe
memorysizedueto Property3.1. Similarly, whenx; movesup
to thetop of the BDD, we useg to computeLmem WhereX;
containgthebinaryvariableswvhich arebelav thelevel of x in
the variableorder and X; containsthe remainingones. This
lower boundfor the memorysizeis similar to the oneintro-
ducedfor thenumberof nodesduringtheclassicakifting [3].

IV. EXPERIMENTAL RESULTS

We usedthe following ervironment: CPU: Pentium4Xeon
2.8GHz,L1 Cache:32KB, L2 Cache:512KB, Memory: 4GB,
OS:redhat(Linux 7.3),andC-compiler:gcc-02.

A. All FunctionsUp To Five Variables

We implementedAlgorithm 1 and comparedhe minimum
heterogeneouglDDs with theminimum OBDDsandthemin-
imum FBDDs for all 4 and 5 variable logic functions. To
comparethem,we classifiedall thelogic functionsinto NPN-
equivalenceclasseqd12, 17]. For the 4-variablecase 65,536
functionsareclassifiednto 222 NPN-equvalenceclassesand
for the 5-variablecase, 4,294 967,296 functions are classi-
fiedinto 616, 126NPN-equvalenceclassesTablell compares
minimum DD sizesfor the 4-variablecase.(Thetablefor the
5-variablecaseis omitted dueto the pagelimitation.) In Ta-
ble 1l, 222 NPN-representate functionsare groupedinto 9
rows accordingto the memorysizefor the minimum OBDD.
Thecolumn“Mem” denoteshememorysize(words)for each
DD. The columns*“#class” and “#function” in Table Il de-
notethe numberof NPN-equvalenceclassesandthe number
of functionsincludedin the classesrespectiely. The bottom
row “Avg.” denoteghearithmeticaverageof therelative mem-
ory sizesfor all functions,wherethe memorysizeneededor

OBDD is setto 1.00. In this experiment,no complemented
edgesareusedin OBDDs,FBDDs, or heterogeneousIDDs.

For the 4-variable case,FBDDs are smallerthan OBDDs
for 5,568 functions, 8.5% of all functions, while heteroge-
neousMDDs aresmallerthanOBDDsandFBDDsfor all func-
tionsexceptfor 10 degeneratdunctions(0, 1, x;, andx; where
i =1,2,3,4). For theselO functions thememorysizesof OB-
DDs, FBDDs, andheterogeneousIDDs are equal. On aver-
ageover all functions,minimum FBDDs require 99% of the
memorysizeof minimum OBDDs, while minimum heteroge-
neousMDDs require 72% of the memorysize for minimum
OBDDs.

For the5-variablecase FBDDsaresmallerthanOBDDsfor
1,938 548, 576 functions,45% of all functions,while hetero-
geneoudMDDs are smallerthan OBDDs for 4,294, 967,284
functions,99% of all functions. Also, heterogeneousDDs
are smallerthan FBDDs for 4,294,921 204 functions, 99%
of all functions,andfor the others,heterogeneousiDDs are
equalin sizeto FBDDs. Therewasno functionwhoseFBDD
is smallerthanthe heterogeneousIDD. On averageover all
functions,minimum FBDDs require96% of the memorysize
for minimum OBDDs, while minimum heterogeneousiDDs
require67% of thememorysizefor minimumOBDDs.

Algorithm 1 could obtain exact minimum heterogeneous
MDDs for the functionswith up to 12 inputs within a rea-
sonablecomputationtime, while the exact FBDD minimiza-
tion [5] canfind theminimumonefor thefunctionswith upto
8 inputs.

B. MCNC BenchmarkFunctions

Tablelll compareseterogeneousIDDs with OBDDsand
FBDDs for selectedMCNC benchmarlkfunctions. The OB-
DDs areobtainedby the bestknown variableorders[18], and
the numbersof nodesfor FBDDs aretakenfrom [5, 6]. The
memorysizesfor OBDDs and FBDDs are calculatedby the
formula(1) in Sectionlll-B. TheOBDDsandFBDDsmaynot
bethe exactminimum. The columns“#in” and“#out” in Ta-
blelll denotehenumberof inputsandoutputsfor eachbench-
mark function, respectiely. “MDD” denotesthe heteroge-
neousMDD obtainedby Algorithm 2, whereAlgorithm 2 uses
theOBDDs[18] astheinitial one.Thecolumn“Time” denotes
the CPU time for Algorithm 2, in seconds.The bottomrow
“Averageof ratios” denoteghe arithmeticaverageof the rel-
ative memorysize,wherethe memorysizeneededor OBDD
is setto 1.00. In this experiment,0OBDDs, FBDDs, and het-
erogeneoud/DDs usecomplementeedges. Heterogeneous
MDDs requiresmallermemorysize than FBDDs for 14 out
of 21 benchmarkunctionsin Tablelll. Especially for C499,
dalu, andvda, heterogeneousIDDs requireat most80% of
the memorysizesfor the FBDDs. And, the computatiortime
for Algorithm 2 is short.

V. CONCLUSION

In this paper we have proposedexact and heuristic al-
gorithmsfor minimizing the memorysize for heterogeneous
MDD. Our experimentalresultsshav that: 1) Heterogeneous
MDDs representogic functionsmore compactlythan ROB-
DDs and FreeBDDs. Especially for all 4-variable and 5-
variablelogic functions,the minimum heterogeneousiDDs
require72% and 67% of the memorysizesfor the minimum
OBDDs, on average,respectiely. For MCNC benchmark
functions,the heterogeneous!DDs require87% of the mem-
ory sizesfor the OBDDs, on average.2) Algorithm 1 canfind



TABLE I
MEMORY Sizes OF OBDDs, FBDDS, AND HETEROGENEOUSMDDSFOR ALL 4-VARIABLE LOGIC FUNCTIONS

Group OBDD FBDD HeterogeneousiDD

No. Mem | #class| #function || Mem | #class | #function || Mem | #class | #function

0 0 1 2 0 1 2 0 1 2

1 3 1 8 3 1 8 3 1 8

2 6 1 48 6 1 48 5 1 48

3 9 4 364 9 4 364 5 1 12

8 3 352

4 12 14 3168 12 14 3168 8 3 320

9 1 96

10 6 1216

11 4 1536

5 15 38 12440 15 38 12440 9 3 104

10 7 1056

11 13 4400

12 12 6528

14 3 352

6 18 70 22488 18 70 22488 10 3 168

12 41 12064

14 13 4928

15 13 5328

7 21 68 20346 18 3 1536 12 11 3520

21 65 18810 15 57 16826

8 24 25 6672 21 10 4032 15 25 6672

24 15 2640

Avg. 1.00 - - 0.99 - - 0.72 - -

TABLE III [4] M. Fujita, Y. Matsunagaand T. Kakuda, “On variable orderingof bi

MEMORY SIZESFOR OBDDsS, FBDDS, AND HETEROGENEOUSMDDsS
FOR MCNC BENCHMARK FUNCTIONS

MemorySize Time

Function | #in | #out || OBDD | FBDD | MDD [sec]
C432 36 7 3189 3171 | 2824 0.23
C499 41 32 77595 | 77595 | 59739 5.12
C880 60 26 12156 8394 | 11812 1.23
C1908 33 25 16575 | 15141 | 13493 0.67
C2670 233 64 5313 3186 | 4649 1.99
C3540 50 22 71481 | 62997 | 65029 || 36.96
C5315 178 | 123 5154 4434 | 4582 1.31
C7552 207 | 107 6477 4782 | 6119 4.76
alu4 14 8 1047 900 855 0.02
apexl 45 45 3735 3531 | 3016 0.29
apex6 135 99 1470 1365 | 1414 0.33
cps 24 | 102 2910 2706 | 2533 0.12
dalu 75 16 2064 1947 | 1548 0.25
des 256 | 245 8832 8706 | 7288 3.59
frg2 143 | 139 2883 2760 | 2671 0.89
i3 132 6 396 396 330 0.23
i8 133 81 3825 3570 | 3662 0.59
i10 257 | 224 61977 | 56439 | 55766 || 69.27
k2 45 45 3735 3408 | 3018 0.29
toolarge | 38 3 954 858 857 0.07
vda 17 39 1431 1401 | 1088 0.01
Averageof ratios 1.00 0.90 0.87 -

exactminimumheterogeneouglDDs for thefunctionswith up
to 12 inputsin areasonableomputatiortime. 3) Algorithm 2
canreduceheterogeneous!DDs asfastasthe classicakifting
algorithm[15].
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