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Abstract— This paper intr oducesa newdecompositionmethod
called OR-partitioning, where a logic function is realizedas an
OR of � disjoint sub-functions. This paper also comparesthr ee
methods to decomposea logic function: The first one is stan-
dard functional decomposition; the secondone is functional de-
compositioncombinedwith theShannonexpansion;and the third
one is functional decompositioncombinedwith OR-partitioning .
The experimental resultsusing many benchmark functions show
that functional decompositioncombinedwith OR-partitioning re-
quir essmaller amount of memory than functional decomposition
combined with the Shannon expansionwhen LUTs are used to
realizefunctions.

I . INTRODUCTION

In this paper, we considermethodsto decomposea logic
function into several smallerfunctions.This problemappears
in logic designfor LUT-type FPGAs[4, 6, 7, 12, 16, 22, 23,
24] as well as in logic simulation[13]. In many cases,the
maximumnumberof inputsfor anLUT is limited to

�
. Such

anLUT is denotedby a
�
-LUT.

When an � -variablelogic function is realizedby a single
LUT, 	�
 bits are necessary. However, in many cases,logic
functionshave specialproperties,andcanberealizedmoreef-
ficiently. Functionaldecompositionis a standardmethodto
realizelogic functionsusingLUTs. Unfortunately, many func-
tions are undecomposable.For suchfunctions, the Shannon
expansionis often usedto reducethe numberof dependent
variables.In thispaper, weshow anew methodto realizeunde-
composablefunctionsusingLUTs andORgates.Thismethod
triesto find a decompositionthatproducessub-functionswith
assmall supportsaspossible.Experimentalresultsshow that
thenew methodoutperformstheShannonexpansion.

I I . FUNCTIONAL DECOMPOSITION

Functionaldecompositionis a standardmethodto realizea
logic functionusingLUTs [1, 3].

Definition 2.1 Let ������ ��� � ����������� � 
�� be the input vari-
ables. ����� denotesthe set of variables in � . Let ��� � �
and ��� � � be subsetsof ����� . If ��� � � �!��� � �"#����� and��� � � $%��� � �&(' , then �)� � � � � � is a partition of � . * �+*
denotesthenumberof variablesin � .
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Fig. 2.1. Decompositionchartfor ,.-0/21 � /4365 .
Definition 2.2 Let 78�9� � be a logic function, and let � be
partitionedinto �)� � � � � � . Thedecompositionchart :;��7=<� � � � � � is a table with 	?> @BAC> columnsand 	?> @EDF> rows,where
each columnandrow is labeledbya binarynumber. Each row
and columnhasall the patternsof * � � * -bit and * � � * -bit, re-
spectively, andthecorrespondingelementof thetabledenotes
thevalueof 7 .

Definition 2.3 Let � be partitioned into �9� � � � � � , where* � � *G(� � and * � � *8(� � . Thenumberof different column
patternsin thedecompositionchart :;��7"<�� � � � � � is thecol-
umn multiplicity for � � and is denotedby H . Thevariables
in � � and � � are thebound variablesandthefr eevariables,
respectively.

Theorem 2.1 Let �9� � � � � � be a partition of � , and let H be
thecolumnmultiplicity for � � of thefunction 7 . Then,different
columnpatternsin :;��7�<I� � � � � � canbeencodedby J � bits,
where J � LK9MONQP � HGR . The function 7 can be representedas78�9� � � � � � #ST��U8�9� � � � � � � , where SV�9W � � � � � is a functionXZY A\[ X 
?D^] X

, and W � is a 	 Y A -valuedvariable. Fig. 2.2
showsa networkfor 78�9� � � � � � _ST��U8�9� � � � � � � .

Functional decomposition consistsin finding the repre-
sentationof function 7 in the form SV�`UG�)� � � � � � � . If � � K9MONQP � HGR holdsfor any boundset � � suchthat * � � *ba � , then
thefunctionis undecomposable[18], andwecannotuseThe-
orem2.1. For suchfunction,we canusethe Shannonexpan-
sion,andtheOR-partitioningintroducedbelow.
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Fig. 2.2. Networkrealizationfor functionaldecomposition,?-O/ 1 � /B3�5dcfeI-hgI-O/ 1C5 � /4365 .
I I I . REALIZATION OF LOGIC FUNCTIONS USING THE

SHANNON EXPANSIONS

Here,we presentdesignmethodsusingtheShannonexpan-
sion.

Definition 3.1 Let ������ ��� � ����������� � 
�� be the input vari-
able. A symbol�+ij representsthefunction� ij  kl� When�(;mn � op� When�Lq;mn � �
where mnpr X 
 .

Definition 3.2 s�tQuIuwv�J�x���7 � denotesthe set of variables on
which thefunction 7 depends.

By applying the Shannonexpansioniteratively, we have the
next theorem.

Theorem 3.1 An arbitrary � -variable function 78�9� � can be
expandedas

78�9� � � � � �  ��yCz8�{|h}T~ � ij��� 78�9� � � mn | � � (3.1)

where mn | is a binary vectorrepresentingan integer � , and mn � n � � n � �������F� n Y � .
Theexpansion(3.1) is usefulto realizeundecomposablefunc-
tionsby

�
-LUTs.

Definition 3.3 A multiplexer (MUX) is the selection cir-
cuit shown in Fig. 3.1. It has s control inputs��� ����������� ��� � and 	 � data inputs �`� ~ � � ���������F� � ����zG� � . LetSV�`� � ��������� � � � � ~ � � � ��������� � ���Cz8� � betheoutputfunction. Then,S��� j whenthe decimal representationof the control in-
put �`� � �������F� � � � is n . That is, when the control input is��o � o ��������� o � , the top data input � ~ is selected.Whenthe the
control input is ��o � o ��������� k � , the seconddata input � � is se-
lected.Finally, whenthecontrol input is �Ck � k ��������� k � , thelast
data input � ���CzG� is selected.A MUX with s control inputs is
denotedby s -MUX .
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Fig. 3.1. � -MUX.
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Fig. 3.2. Realizationof a5-variablefunctionusing3-LUTs.

Example3.1 Let us realizea 5-variable function 78�9� � us-
ing 3-input LUTs. Let �  �`� � � � � � �d� � �b� � ��� � , � � ��� � � � � � �b� � , and � � ��`�d� � ��� � . By applying the Shannon
expansionsto 78�9� � with respectto � � , wehave78�9� � � � � �  ��� ~�� ~��� 78�9� � � o � o �w� ��� ~�� � �� 78�9� � � o � k �w�� � � � ~��� 78�9� � � k � o �w� � � � � � �� 78�9� � � k � k � �
Fig. 3.2 showsthe realization using 3-LUTs. Three LUTs
which are connectedto �b� or ��� realizea 2-MUX. This re-
alizationrequires7 LUTs. (Endof Example)

In thepracticalapplications,wecanoftenreducethesizeof
the supportof 7G�)� � � n � � n � � by finding an appropriatesetof
variableto expand. Theadvantageof theShannonexpansion
is thatany functioncanbedecomposedinto sub-functionswith
atmost

�
inputs.

IV. DESIGN METHOD USING OR-PARTITIONING

In this section,we introducea new decompositionmethod.
The advantageof OR-partitioning is that it often produces
fasterand smaller realizationsthan the Shannonexpansion.
Unfortunately, somefunctionsdonothaveanOR-partitioning.

Theorem 4.1 Let �9� � � � � � be a partition of � ��� � � � � �������F� � 
 � . Then,78�9� � � � � � canberepresentedas

78�9� � � � � � �� zG�{|9}T~ 7 | �)� � � � � � � (4.1)
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Fig. 4.1. Decompositionchartfor ,?-O�?1 � ��3 � ��� � ���65 .
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Fig. 4.2. Realizationof ,�c�e6��-O�?1 � ��3 � ����5?��e�1F-O�?1 � ��3 � ����5 .
where 7 | �9� � � � � � �S | ��U8�9� � � � � � � .

In thedecomposition7 | �)� ��� � � � =S | ��U8�9� � � � � � � , we try
to reducethesupportsizeof S | �`�G=o � k �������C� u���k � . To show
the idea of reducingthe supportof S , we usethe following
example.

Example4.1 Considerthefour-variablefunction7G�`� � � � � � �d� � �b� �  �� � �� ��¡ ~ � �� � � �6¡2� � � � �� ��¡�� � � � � ��¡ � �
where ¡ ~ ¢��b� , ¡2� £�b� , ¡�� ¤�b� , and ¡ �¥¢��b� . Let � � ��� � � � � � and � � #���b� � �d� � . Asshownin thedecomposition
chart in Fig. 4.1,all thecolumnsare distinct. So,thefunction
is undecomposablefor this partition. Considerthe problem
of partitioning ¦§ � ¡ ~ � ¡2� � ¡�� � ¡ ��� into two blocksso that
the supportof both blocks are reduced. Let the partition be¨ ©��ª ¡ ~ � ¡���« � ª ¡2� � ¡ � « � . Notethat the block ª ¡ ~ � ¡���« only
dependson �d� , whiletheblock ª ¡2� � ¡ � « onlydependson �b� . In
thiscase,7 canberepresentedas 78��� �Q� � ��� � � � � � � ¬7 ~ � 7 � ,
where 7 ~ �� � �� � ¡ ~ � � � �� � ¡ � and 7 � ¢�� � � � ¡ � � � � � � ¡ � ,
and 7 ~ and 7 � canberepresentedby 7 ~ ®S ~ �`� ��� � ��� � � � and7 � ¯S � ��� ��� � ��� � � � . Notethat thesupportsof 7 ~ and 7 � are
reducedby one,and 7 canberealizedby thecircuit shownin
Fig. 4.2. (Endof Example)

Example4.2 Let H"£k�	 bethecolumnmultiplicity of thede-
compositionchart for 78�9� � � � � � . Let Fig. 4.3 be thedecom-
position chart, where ¡ | �`�p�k � 	 ��������� k�	 � denotedifferent
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Fig. 4.3. Decompositionchartfor function , .
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Fig. 4.4. Decompositionchartsfor ,�� , ,�1 , ,�3 , and ,C� .
columnpatternsof the decompositionchart. In Theorem4.1
let up¬° , andlet 7G�)� � � � � � bedecomposedas78�9� � � � � �  7 ~ �9� � � � � �T� 7 � �9� � � � � �G�7 � �9� � � � � �T� 7��?�9� � � � � � � (4.2)

where 7 | �)� � � � � � �S | �`UG�)� � � � � � � , and 7 ~ , 7 � , 7 � , and 7�� re-
alizefunctionsshownin Fig. 4.4(a),(b), (c), (d), respectively.
Then, 7 canberealizedasshownin Fig. 4.5. In practical ap-
plications,we can oftenreducethe supportsizeof S | by con-
sideringthepartition of � ¡ | � . (Endof Example)

For the decompositionintroducedin Theorem4.1, we can
formulatethefollowing problem.

Problem4.1 Decompose the function 7 into the form
(4.1). Let � � �`� � be the support size of S | �9W � � � � � , where
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Fig. 4.5. Realizationof,�c&,���-0/21 � /43�5Q�Z,�1�-O/21 � /4365I�¥,�3�-O/ 1 � /B365?� ,���-0/21 � /B3�5 .
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Fig. 4.6. Realizationusingfunctionaldecomposition.
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Fig. 4.7. Functionaldecompositioncombinedwith Shannonexpansion.

7 | �)� ��� � � � ±S | ��U8�9� � � � � � � . Find the partition �9� ��� � � �
and the partition of ¦  � ¡ ~ � ¡ ���������F� ¡�² z8� � that mini-

mize the cost function definedby 	 Y�³ tl´ � zG�µ |9}T~ 	 
 D � |h� , whereJZ£* � � * and tf¶K)M0NIP � HGR .
Thisproblemcorrespondsto theminimizationof theamount

of memoryneededto realizeS | ���8·o � k ��������� u2�¸k � by LUTs.

Example4.3 Considerthesix-variablefunction:7f£���� � �� � � � � � � � � � � � � ���� � � � � � � �� � � � � ��¹ �
Let � �  ��� � � � � � and � � ¶�`�d� � �b� � �w� � � ¹ � . Fig. 4.6shows
therealizationof 7 usingfunctionaldecomposition.It requires
a 2-LUT anda 5-LUT. Fig. 4.7 showstherealizationof 7 us-
ing functionaldecompositioncombinedwith Shannonexpan-
sion. It requiresa 2-LUT, a 3-LUT, a 4-LUT, and a 1-MUX.
Fig. 4.8showstherealizationof 7 usingfunctionaldecompo-
sition combinedwith OR-bi-partitioning. It requiresa 2-LUT,
two 3-LUTs,anda 2-inputORgate. Different realizationsre-
quire differentnumberof bits: A singleLUT requires 	 ¹ ¤º�°
bits; thefunctionaldecompositionrequires 	 � ´_	 � =»Qº bits;
the functionaldecompositioncombinedwith Shannonexpan-
sionrequires 	 � ´+	 � ´�	 � =	Q¼ bits; thefunctionaldecompo-
sitioncombinedwith OR-partitioningrequires 	 � ´&	 ³ 	 � =	Qo
bits. Whenan MUX or an OR gate is realizedby an LUT,
Shannonexpansionrequires 	I¼½´¯	 � L»Qº bits, while OR-
partitioning requires 	QoB´_	 � =	�° bits. (Endof Example)

To find anoptimalsolutionfor Problem4.1,weshouldcon-
siderdifferentpartitionsof the input variables� into � � and� � , anddifferentpartitionsof columnsinto u groups.No ef-
ficient exact methodto solve Problem4.1 is known, andwe
have to resortto a heuristicmethod.In [26], bi-decomposition
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Fig. 4.8. Functionaldecompositioncombinedwith OR-bi-partitioning.

78�9� �Q� � � � ¤¾B�OS � �9� � � � S � �)� � �C� thatminimizes * � � *6´¤* � � *
is considered.It canbeconsideredasa solutionto a restricted
caseof Problem4.1. Thenumberof differentpartitionsof the
inputvariablesis 	�
¿�½	 . Thefollowing lemmashowsthecom-
plexity of thecolumnpartitioningproblem.

Lemma 4.1 [8]: The numberof waysof placing H distinct
objects into u non-distinct cells with no cell left empty isÀ �9H � u �  ku8Á � zG�µ |9}T~ ���lk � |?Â u �FÃ �Äu��·� � ² . À �9H � u � is called the

Stirling number of the secondkind .

For example,when uÅÆ° , thevaluesof
À �)H � u � for H¸¯Ç , ¼ ,È

, and k�o are350,1701,7770,and34105,respectively.

V. DETAILED ALGORITHMS

In this section,we show threedifferentalgorithmsto solve
decompositionproblems.

A. OrdinaryDecompositionAlgorithm

The following algorithm finds the best size of � � that
heuristicallyminimizesthetotalamountof memoryneededto
realize 7 , measuredusingan ordinaryfunctionaldecomposi-
tion method.

Algorithm 5.1 (Disjoint decomposition.)

1. Let ��� � � � ³�³�³ � 
w� be the BDD variable order that mini-
mizesthesizeof theBDD.

2. For J2·	 to ����k do step3.

3.
À �`ÉQÊI��J �fË 	 Yl³ tp´=	 
 D , where t_LK9MONQP � HGR , H is the
columnmultiplicity for thedecompositionSV��U8�9� � � � � � � ,� � ¶�`� � � � � �������F� � Y � , � � ¢��� Y�Ì � � � Y�Ì � �������F� � 
 � and� � ;* � � *�´+t .

4. Obtain J thatmakes
À ��ÉIÊQ�`J � minimum,andreturn J .

Sincetheorderof theinput variablesin theBDD is fixed,this
algorithmproducessub-optimalsolutions.



X1

X ’2

X ’2

X ’2

X ’2

 g 0

 g 1

 g 2

 g 3

g0

g1

g2

g3

h  f 

 x j

 x k

 x i

Fig. 5.1. Realizationof ,�c�Í�QÎCÍ��ÏFe6��-hgI-O/ 1C5 � /4365?�\Í�QÎh��Ï�e�1F-9gI-0/21C5 � /B365���QÎ�Í�QÐ�e�3�-9gI-0/21C5 � /4365?���QÎh�QÐFe6��-hgI-O/21Ñ5 � /B3�5 .
B. TheShannonExpansionAlgorithm

In this subsection,we show a heuristicalgorithmbasedon
the Shannonexpansionto designa circuit similar to Fig. 5.1.
Notethatthiscircuit realizesthefunction 7 in theform78�9� �Q� � � � �� | ��QÒ�S ~ �`UG�)� � � � Ó� � �8� �� | �IÒ�S � �`UG�)� � � � Ó� � �G�� | ��dÔ�S � ��U8�9� � � �¥Ó� � �T� � | �bÔ�S � �`UG�)� � � � Ó� � � � (5.1)

where��� � � Æ� Ó� � �d�Z��� | �d�Z���QÒI�d�Z��� Ô � . Giventhepartition�9� ��� � � � , thegoalis to determinevariablessuchas � | , � Ò , and�dÔ . First, we show Algorithm 5.2 to partitiona function into
two sub-functions.Then,we show Algorithm 5.3 to partition
afunctioninto u sub-functions.Thesealgorithmstry to reduce
thesupportsizesof S | .

Let 78�9� � bea function,and �9� � � � � � bea partition of � .
Let ¦Õ¯� ¡ ~ � ¡2� ��������� ¡ ² zG� � bethesetof sub-functionsrep-
resentingdifferentcolumnpatternsin thedecompositionchart
for �)� � � � � � .
Algorithm 5.2 (TheShannonbi-partition.)

1. Let ¦( � ¡ ~ � ¡2� �������F� ¡ ² z8� � , and let ��� � � bethesup-
port for ¦ .

2. For all � Ò r ��� � � , do step3.
3. Let the partition be

¨  �)¦ ~ � ¦ � � , where ¦ ~ � ¡ | ��� Y�Ì � �������F� �IÒ z8� � o � �IÒ Ì � ��������� � 
 � � and ¦ � � ¡ | ��� Y�Ì � �������F� �IÒ z8� � k � �IÒ Ì � ��������� � 
 � � . Let s ~ �OÖ � ands � �hÖ � bethesizesof supportsfor ¦ ~ and ¦ � , respectively.
Obtain s�ÒZ£k�oQo ³F×ÅØ�Ù �`s ~ �OÖ � � s � �OÖ �C� ´_s ~ �OÖ � ´!s � �OÖ � .

4. Find thepartition
¨ ¶�)¦ ~ � ¦ � � that makess Ò minimum

andreturn
¨ Æ��¦ ~ � ¦ � � .

If
×^ÚOÛ ��s�tQuIuwv�J�x��9¦ ~ � � s�tIuQu�v�J�x��9¦ � � �+ÜÝ* � � * , then thereis a

possibilityto reducetheamountof memory. In step3), wefind
avariablethatminimizesthemaximumsizeof thesupportsfor¦ ~ and ¦ � . If therearemorethantwo candidates,we selecta
variablethatminimizesthesumof thesizeof thesupports.

Algorithm 5.3 (TheShannonu -partitioning.)

1. Let
¨ Ë ��ª ¡ ~ � ¡2� �������F� ¡ ² z8��« � and Þ Ë K9MONQP � uwR .

2. Do step3 while Þàß�o .
3. By usingAlgorithm5.2, for each block in

¨
, bi-partition

it into two. Let Þ Ë Þ2�ák .
4. Returnthefinal partition

¨ Æ��¦ ~ � ¦ � �������C� ¦ � zG� � .
ThepartitioningalgorithmusesaBDD with afixedvariable

orderto representalogic function.In thiscase,thepartitioning
problemfor the input variables� is to determinea point J r��k �������C� �8� in the given variableorder. In this case,we only
searchthe limited numberof combinations,so thesolutionis
sub-optimal.

When 7 is decomposedas (5.1),
À �`ÉQÊI��J �  	 Y ³ t+´� zG�µ |9}T~ 	 
 D � |9� denotesthe required amount of memory, whereJ�â* � � * , � � ��� � �* s�tQuIuwv�J�x��)¦ | � *?´¤t , and t¤âK9MONQP � HGR .

Note that we do not count the cost of the multiplexer. In
order to minimize

À ��ÉIÊQ�`J � , we changethe size of � � , i.e.,
the valueof J . The following algorithmfinds the valueof J
that minimizes

À ��ÉIÊQ�`J � . Let � be the numberof inputs for7 . Our experimentalresultsshow that
À �`ÉQÊI��J � is minimum

when �Tã�°(Üä* � � *åÜæ�TãI	 . Therefore,to obtain a parti-
tion �)� � � � � � for � , we first searchthe partitionssatisfying�Tã�°\Ü®* � � *�Ü��TãI	 .
Algorithm 5.4 (Partitioning of the input variables for the
Shannonexpansion.)

1. Let ��� � � � ³�³�³ � 
 � be the BDD variable order that mini-
mizesthesizeof theBDD. Let JZ¶K 
 � R .

2. Do step3 while JàÜ � zG�×&Ø�Ù|h}T~ �.* s�tQuIuwv�J�x��)¦ | � *ç� .
3. Let � � è�`� ��� � ���������F� � Y � . Obtain H . Apply Algo-

rithms5.3 to find thepartition
¨ Æ��¦ ~ � ¦ ���������F� ¦ � z8� � .

Let
À ��ÉIÊQ�`J �  	 Y"³ t�´;� z8�µ |h}T~ 	 
�D � |9� , where � � �`� � * s�tQuIuwv�J�x��9¦ | � *6´!t and t^;K9MONIP � HGR . Let J Ë JB´¬k .

4. Find J that minimizes
À �`ÉQÊI��J � , and return the partition¨ Æ��¦ ~ � ¦ ���������F� ¦ � zG� � .

C. OR-PartitioningAlgorithm

In this section, we show a heuristic algorithm for OR-
partitioning shown in Theorem4.1. First, we show Algo-
rithm 5.5 that partitions a function into two sub-functions.
Then, we show Algorithm 5.6 that partitionsa function intou sub-functions.Thesealgorithmsattemptto reducethe sup-
portsfor thesub-functions.

Let thegivenfunctionbe 7 , and � bethesupportof 7 , and�9� ��� � � � beapartitionof � . Let ¦£Æ� ¡ ~ � ¡ ���������F� ¡�² z8� � be
thesetof sub-functionsrepresentingdifferentcolumnpatterns
in thedecompositionchartfor �9� �Q� � � � .
Algorithm 5.5 (OR-bi-partitioning.)



¡ ~ ¡2� ³�³�³ ¡ ² zG�
Fig. 5.2. Decompositionchartfor , .

1. Let ¦(¢� ¡ ~ � ¡2� �������F� ¡ ² zG� � . Let ��� � � be thesupport
for ¦ . If * s�tIuQu�v�J�x�� ¡ | � * â* � � * for some � , then 7 is
unpartitionable , andreturn.

2. For all �IÒ r ��� � � dostep3.

3. Let thepartition be
¨ ;�)¦ ~ � ¦ � � , where ¦ ~ is thesetof

functionswhich are independentof � Ò , and ¦ � is the set
of functionsthat dependon � Ò . Let s ~ �OÖ � and s � �OÖ � be
thesizesof supportsfor ¦ ~ and ¦ � , respectively. Obtains�Òl¤k�oIo ³6×ÅØ�Ù ��s ~ �hÖ � � s � �OÖ � ��´!s ~ �OÖ � ´_s � �hÖ � .

4. Find a partition
¨ ¤�9¦ ~ � ¦ � � thatmakess Ò minimum.

5. If
×&Ø�Ù ��s ~ �OÖ � � s � �OÖ � �¤Üé* � � * , then 7 is partitionable

else 7 is unpartitionable , return
¨ ¯�9¦ ~ � ¦ � � .

Given a partition �9� � � � � � of � , where � � ê�`� � � � � �������F�� Y � and � � ;�`� YFÌ � � � Y�Ì � �������F� � 
 � , Algorithm 5.5examines�f�áJ differentpartitions. If 7 is partitionable,thenthereis a
possibility to reducetheamountof memory. In this case,we
usethefollowing algorithm.

Algorithm 5.6 (OR-u -partitioning.)

1. Let
¨ Ë ��ª ¡ ~ � ¡2� ��������� ¡ ² zG�Ñ« � .

2. Do steps3 to 5 in decreasingorder of the supportsizes
for all ¦ | in

¨
.

3. By using Algorithm 5.5, try to partition ¦ | into two
blocks.

4. When¦ | is bi-partitionable, partition ¦ | into two blocks¦EÒ and ¦ Ô , ¨ Ë � ¨ �¸¦ | � �¸�)¦EÒ��^¦ Ô � .
5. Whenu"(* ¨ * or all ¦ | in

¨
are unpartitionable, return¨ Æ��¦ ~ � ¦ � �������F� ¦ � z8� � .

WhenapplyingAlgorithms5.5and5.6,wemayencounterthe
case,where¦ includesmany sub-functionswith a few support
variables. In sucha case,we cannotfind a goodsolution,so
we applythefollowing algorithm.

Algorithm 5.7 (ImprovedOR-partitioning)

1. Let
¨ ¤��¦ ~ � ¦ ���������F� ¦ � zG� � bethepartition obtainedby

Algorithm5.6. Let ë ~ , ë � , ����� , and ë � zG� be thesizesof
supportsfor ¦ ~ , ¦ � , ����� , ¦ � zG� , respectively. Let ì�í | 
fË� z8�µÔ }T~ 	QîFï .

2. Do step3 in decreasingorder of thesupportsizesfor all¦ | in
¨

.

3. Do steps4 to 5 for all theelements¡ j in ¦ | .

4. Move ¡ j to all other blocks, and computethe valueofì |  � zG�µÔ }T~ 	 îFï , andchooseì | with theminimumvalue.

5. If ì | Ü§ì í | 
 , then ì í | 
 Ë ì | and ¦ | Ë ¦ | �·� ¡ j � ,
otherwiseundothelastmove.

6. If there wasa move,thengo to step2, elsereturn
¨ ��¦ ~ � ¦ � �������F� ¦ � zG� � .

Algorithm 5.7 triesto reducetheamountof memoryby mov-
ing an elementin ¦ | to anotherblock, andtries to makethe
sizesof supportsfor ¦ | equal.

Algorithm 5.8 (Inputvariablegroupingfor OR-partitioning.)

1. Let �`� � � � ³�³�³ � 
w� be the BDD variable order. Let J+K 
 � R .
2. Do step3 while JàÜ � zG�×&Ø�Ù|h}T~ �.* s�tQuIuwv�J�x��)¦ | � *ç� .
3. Let � �  �`� � � � � ��������� � Y � . Obtain H . Apply Al-

gorithms 5.6 and 5.7 to obtain the partition
¨ ��¦ ~ � ¦ � �������F� ¦ � zG� � . Let

À �`ÉQÊI��J � �	 Y ³ t½´ � z8�µ |9}T~ 	 
�D � |9� ,
where � � ��� � ;* s�tIuQuwv�J�x��)¦ | � *�´_t and tp K9MONQP � HGR . LetJ Ë J4´=k .

4. Find J that minimizes
À �`ÉQÊI��J � . Returnthepartition

¨ ��¦ ~ � ¦ ���������F� ¦ � zG� � thatmakes
À ��ÉIÊQ�`J � minimum.

VI. EXPERIMENTAL RESULTS

We comparedthe sizesof memoryfor the following three
realizations;thefirst oneusesconventionaldisjoint decompo-
sition of the form 78�9� �Q� � � � LSV�`UG�)� � � � � � � ; the second
oneusesthe Shannonexpansionobtainedby Algorithm 5.4;
thethird oneusesOR-partitioningobtainedby Algorithm 5.8.
Variableorderingsfor BDDs were obtainedusing the algo-
rithm in [5, 15]. Multiple-output functionswererepresented
by BDDs for EncodedCharacteristicFunctionfor Non-zeros
(ECFNs)with thenaturalencodingsof outputs[20]. Theaux-
iliary variableswereplacedontopof thevariables.Wedecom-
posed44 benchmarkfunctions. In TableI, Namedenotesthe
function name;In denotesthe numberof the input variables;
Out denotesthenumberof theoutputvariables;ECFN In de-
notesthe numberof the input variablesfor ECFN; Mono de-
notesthedecomposition78�9� �Q� � � � �SV�`UG�)� � � � � � � obtained
by Algorithm 5.1; Shannondenotesthe Shannondecomposi-
tion obtainedby Algorithm 5.4; OR-partitioningdenotesOR-
partitioningobtainedby Algorithm 5.8; * � � * denotesthenum-
ber of the variablesin � � ; * � � * denotesthe numberof the
variablesin � � ; H denotesthe columnmultiplicity of thede-
composition7G�)� � � � � � ; MONQP � denotesthebinary logarithmof
the requiredamountof memory;andCPU denotesthe CPU
timefor Algorithm 5.8.Notethatthememorysizefor theOR-
partitioningandtheShannonexpansionsdoesnot containthe
memoryfor OR gatesnor MUXs. For the Shannonexpan-
sionsandOR-partitioning, we decomposedthefunctionswithup¬° .



For des, C7552, C5315, apex6, i3, andi10, OR-partitioning
drasticallyreducedrequiredamountof memory. For exam-
ple, des is a 256-input245-outputfunction, but eachoutput
dependson at most k È variables. OR-partitioning reduced
the requiredmemory for desby k�ãQ	 ¹ � . For C432 and rckl,
OR-partitioningcouldnot reducethesizeof memory, andfor
C499, OR-partitioning increasedthememorysize.

Whenthesupportsizeof ablockdecreasesin Algorithm5.4,
theShannonexpansionreducesthememorysize.In aboutone
quarterof all cases,theShannonexpansionproducedsmaller
circuits thanOR-partitioning. However, in suchcases,thede-
greeof reductionwasrelatively small. In general,we observe
thatOR-partitioningproducedsmallernetworksthantheShan-
nonexpansion.

To seethe quality of Algorithm 5.6, we alsodevelopedan
exact algorithm for OR-u -partition, andappliedto ex4, vg2,
rckl, x1dn, and x9dn. For vg2, the exact methodrequired
163840bits, while Algorithm 5.6 required172032bits. For
otherfour functions,Algorithm 5.6producedexactsolutions.

VI I . CONCLUSION

In this paper, we presentedOR-partitioningof logic func-
tion, anew methodto realizeundecomposablelogic functions.
Themeritsof this methodare:

1) It often producessmallercircuits than the Shannonex-
pansion.

2) It producesfastercircuits than the Shannonexpansion,
becauseanORgateis fasterthana multiplexer.

Unfortunately, not all functionshave anOR-partitioning.
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TABLE I
COMPARISON OF AMOUNT OF MEMORY FOR THREE METHODS.

Name In Out ECFN Mono Shannon OR-Partitioning
In * � � * * � � * H M0NIP � * � � * * � � * H MONQP � * � � * * � � * H MONQP � CPU

C1908 33 25 38 22 16 553 26.7 22 16 553 26.7 21 17 586 26.2 0.7
C2670 233 140 241 123 118 99 126.5 104 137 41 107.2 108 133 33 112.5 0.8
C3540 50 22 55 32 23 5156 36.9 32 23 5156 36.9 27 28 4250 33.4 18.5
C432 36 7 39 22 17 81 25.5 21 18 94 24.6 21 18 94 25.5 0.1
C499 41 32 46 27 19 1134 31.2 26 20 1358 30.8 26 20 1358 31.4 1.3
C5315 178 123 185 95 90 212 99.0 94 91 221 98.0 49 136 147 56.1 6.3
C7552 207 108 214 71 143 125 150.0 108 106 95 112.1 71 143 125 91.0 1.4
C880 60 26 65 35 30 466 39.6 35 30 466 39.0 24 41 253 34.4 0.5
apex1 45 45 51 28 23 106 31.5 27 24 122 30.5 20 31 193 24.9 0.5
apex3 54 50 60 33 27 123 36.2 23 37 169 28.4 26 34 163 31.7 1.6
apex5 117 88 124 64 60 104 67.9 63 61 106 66.9 30 94 133 46.0 3.9
apex6 135 99 142 73 69 103 76.9 72 70 103 76.2 33 109 108 39.5 3.8
apex7 49 37 55 29 26 51 32.8 27 28 51 30.4 19 36 51 24.7 0.2
b9 41 21 46 24 27 29 27.7 23 23 30 26.8 14 32 31 19.2 0.1
cps 24 109 31 18 13 157 22.0 16 15 157 20.6 15 16 190 20.8 0.1
dalu 75 16 79 41 38 55 44.8 41 38 55 44.8 28 51 95 32.0 2.3
des 256 245 264 135 129 243 138.6 134 130 244 138.0 66 198 316 72.7 51.6
duke2 22 29 27 15 12 50 18.8 14 13 51 17.8 11 16 62 17.3 0.1
e64 65 65 72 38 34 36 41.3 37 35 37 40.3 36 36 38 40.0 0.1
ex4 128 28 133 68 65 52 71.8 54 79 62 57.2 19 114 15 27.6 0.2
exep 30 63 36 20 16 59 23.3 18 18 50 21.4 17 19 52 21.5 0.1
frg2 143 139 151 78 73 185 82.0 75 76 197 79.0 38 113 208 53.8 10.4
i10 257 224 265 137 128 2324 141.3 135 130 2114 139.8 95 170 724 111.0 149.1
i2 201 1 201 101 100 4 103.0 100 101 4 102.0 99 102 4 102.6 0.1
i3 132 6 135 68 67 6 70.8 68 67 6 70.2 20 115 7 34.2 0.1
i8 133 81 140 73 67 277 77.1 69 71 279 73.4 53 87 304 58.8 11.8
ibm 48 17 53 28 25 39 31.8 27 26 49 31.5 21 32 63 27.3 0.2
jbp 36 57 42 24 18 59 26.8 22 20 85 25.7 13 29 89 20.0 0.2
k2 45 45 51 27 24 119 31.5 26 25 123 29.5 20 31 193 24.9 0.5
mainpla 27 54 33 19 14 162 23.0 18 15 173 22.4 15 18 186 21.5 0.2
mark1 20 31 25 14 11 23 17.2 11 14 28 15.1 11 14 28 15.3 0.1
rckl 32 7 35 18 17 14 21.6 17 18 14 20.6 18 17 14 21.6 0.1
rot 135 107 142 75 67 565 78.8 73 69 1018 76.9 55 87 192 60.3 4.9
seq 41 35 47 26 21 107 29.5 25 22 116 28.5 16 31 133 21.7 0.3
shift 19 16 23 12 11 13 15.6 12 11 13 15.6 6 17 16 11.4 0.1
signet 39 8 42 23 19 214 27.6 23 19 214 26.8 19 23 156 25.1 0.3
too large 38 3 40 21 19 23 24.7 20 20 23 23.7 19 21 23 23.5 0.1
ts10 22 16 26 14 12 25 17.7 14 12 25 17.7 8 18 17 13.2 0.1
vg2 25 8 28 16 12 8 17.8 12 16 8 15.8 13 15 10 17.4 0.1
x1dn 27 6 30 14 16 7 19.1 14 16 7 16.5 15 15 13 18.2 0.1
x2dn 82 56 88 46 42 34 49.3 45 43 36 48.5 23 65 44 28.4 0.3
x6dn 39 5 42 23 19 31 25.8 21 21 39 24.8 12 30 40 18.5 0.1
x9dn 27 7 30 16 14 19 19.7 13 17 7 16.8 14 16 13 17.7 0.1
xparc 41 73 48 26 22 156 30.6 25 23 157 29.6 21 27 156 26.6 0.2H : Columnmultiplicity of decomposition.MONIP � : Binary logarithmof requiredamountof memory.
CPU:CPUtime(sec).
Mono: Thecaseof usingonly conventionaldecomposition.
Shannon:TheShannonexpansionof Algorithm 5.4into four parts.
OR-partitioning: TheOR-partitioning of Algorithm 5.8into four parts.
IBM PC/AT compatible,PentiumIII1GHz,4GBytesmainmemory.


