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A classification function is a function that assigns integer values to
inputs based on a training set. For instance, a training set consisting
of images of airplanes and automobiles can be used to infer a function
that distinguishes between unseen images of airplanes and automobiles.
While neural networks are commonly used for this purpose, they require
significant hardware resources and consume high power. This paper
presents recent advancements in classification functions that address
these issues. We use logic synthesis techniques to reduce the number of
variables and simplify sum-of-products expressions (SOPs). This sim-
plification improves training and hardware efficiency and reduces power
dissipation, albeit at the cost of lower accuracy compared to neural net-
works. Experimental results for MNIST handwritten character recogni-
tion circuits and fashion-MNIST recognition circuits are presented to
illustrate these techniques.

1 INTRODUCTION

Data mining is a process of discovering knowledge in sample data sets. Com-
pact representation of large data enables us to find knowledge in the data
set [3]. In many cases, the size of the sample data set is much smaller than
the all possible input combinations. In such a case, the number of variables
can be often reduced. By reducing the number of variables, and by simpli-
fying the multiple-valued expression, we can derive a compact set of rules.
This paper summarizes recent results on classification functions.

∗ Contact author: E-mail: sasao@ieee.org
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x1 x2 x3 x4 x5 x6 f
1 1 0 0 1 1 0
0 1 1 0 1 1 0
0 1 0 1 0 0 0
0 0 0 0 1 0 0
1 1 0 1 1 1 1
1 0 1 1 1 1 1
1 0 0 0 1 1 1
0 0 1 0 1 0 1

TABLE 1
Example of Classification Function

The rest of the paper is organized as follows: Section 2 shows the def-
inition of classification functions; Section 3 shows a method to reduce the
number of variables; Section 4 shows a method to reduce the number of vari-
ables by linear decomposition; Section 5 shows relation to machine learning;
Section 6 use MNIST handwritten digit recognition data sets as examples;
Section 7 shows the experimental results for fashion MNIST data sets; Sec-
tion 8 compares the presented method with neural networks; Section 9 intro-
duces the PLA measure for classification functions; and Section 10 concludes
the paper.

2 DEFINITIONS AND BASIC PROPERTIES

Definition 2.1. A classification function is a mapping:
f : D → {0, 1, 2, . . . , m − 1}, where D ⊂ Bn, B = {0, 1}.
It is partially defined. m is the number of classes. When m = 2, f is a two-
class function.

Example 2.1. Table 1 shows a classification function with n = 6, m = 2,
and |D| = 8. There are 26 possible input combinations, but the function is
defined for only 8 combinations. For the other 64 − 8 = 56 combinations,
function values are undefined. The vectors in Table 1 are called registered
vectors.

3 REDUCTION OF VARIABLES

In this part, we show a method to reduce the number of variables in classifi-
cation functions.

Example 3.1. The function f in Table 1 can be uniquely represented by
x1, x2, x3 and x4. That is, these four variables are sufficient to represent the
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x1 x2 x3 x4 x5 x6 f
1 1 0 0 1 1 0
0 1 1 0 1 1 0
0 1 0 1 0 0 0
0 0 0 0 1 0 0
1 1 0 1 1 1 1
1 0 1 1 1 1 1
1 0 0 0 1 1 1
0 0 1 0 1 0 1

TABLE 2
f can be represented with x1, x2, x3 and x4.

x1 x2 x3 x4 x5 x6 f
1 1 0 0 1 1 0 ∗
0 1 1 0 1 1 0
0 1 0 1 0 0 0
0 0 0 0 1 0 0
1 1 0 1 1 1 1
1 0 1 1 1 1 1
1 0 0 0 1 1 1 ∗
0 0 1 0 1 0 1

TABLE 3
f cannot be represented with x3, x4, x5 and x6.

function, as shown in Table 2. All the bit patterns of the first four variables
are distinct.

However, the same function cannot be represented with x3, x4, x5 and x6.
Note that when (x3, x4, x5, x6) = (0, 0, 1, 1), the value of f is not unique. In
Table 3, the rows with asterisk show inconsistency.

By reducing the number of variables, we have the following advantages:

� For hardware implementation, the amount of memory can be reduced.
� For software implementation, the computation time can be reduced.
� For machine learning applications, generalization ability can be increased

(Details are explained in Section 5).

Problem 1. Develop an efficient method to minimize the number of variables
for partially defined functions.

We developed both exact and heuristic methods to minimize the number
of variables [14].

Problem 2. Derive the number of variables necessary to represent a func-
tion.

As for randomly generated two-class functions, we have the following:
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FIGURE 1
Linear decomposition.

Theorem 3.1. [19] For randomly generated two-class functions with k0 false
minterms and k1 true minterms, the number of variables can be reduced to
�log2(k0k1)� − 2, in most cases, where true minterms are mapped to 1, while
the false minterms are mapped to 0.

However, there exist functions where no variable can be eliminated.

4 LINEAR DECOMPOSITION

Fig. 1 shows a linear decomposition of a classification function [12, 13]. L
realizes linear functions, while G realizes non-linear functions. The cost of L
is O(np), while the cost of G is O(q2p). We assume that L is implemented
by EXOR gates, while G is implemented by a memory. When n is large, the
cost of L can be neglected. The circuit L in Fig. 1 produces functions having
the form:

yi = a1x1 ⊕ a2x2 ⊕ · · · ⊕ anxn,

where a j ∈ {0, 1}. yi is called a compound variable. When only one element
ai is 1, and others are 0’s, yi is called a primitive variable. As for the number
of compound variables, we have the following:

Theorem 4.1. [15, 16, 23] With a linear decomposition, any classification
function can be represented with at most p = 	log(N1 + 1)
 compound vari-
ables, where

N1 =
∑

(i< j)

ki k j ,
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i, j ∈ {0, 1, . . . , m − 1}, and ki is the number of registered vectors �a such
that f (�a) = i .

Note that in Theorem 1, p is independent of n, the number of variables in
the original function, and depends only on the numbers of registered vectors.
Theorem 1 is useful for machine learning, since in most cases, the size of the
training set is much smaller than 2n , the size of the possible input combina-
tions.

Corollary 4.1. With a linear decomposition, any two-class function can be
represented with at most p = 	log2(k0k1 + 1)
 compound variables, where
k0 and k1 are the number of false and true minterms, respectively.

Efficient algorithms to find linear decompositions [14] [23], [24] have
been developed.

Example 4.1. For the function f shown in Table 1, f can be represented as
f = x1 ⊕ x2 ⊕ x3 ⊕ x4. In this particular case, the general function in Fig. 1
is an identity function. That is p = 1, and G is just a connection.

5 RELATION TO MACHINE LEARNING

Definition 5.1. The generalization ability is the ability to predict the out-
come of unseen data.

As for generalization ability, we have the following [21, 27]:

� Reduction of variables improves generalization ability.
� Simplification of a sum-of-products expression (SOP) improves the gener-

alization ability.

Example 5.1. Consider the set of elements shown in Fig. 2. Black circles
show true minterms, while black triangles show false minterms. We do not
know the values of the function for the red minterms. We want to predict the
values of the function for these red minterms.

By the nearest neighbor method [2], we can conjecture as shown in
Fig. 3:

� the value for the red circle is 1, since the red circle is near to the black
circles, which show true minterms.

� the value for the red triangle is 0, since the red triangle is near to the black
triangles, which show false minterms.
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FIGURE 2
Prediction of the values for unseen data

FIGURE 3
Use the value of the nearest minterms

Example 5.2. Consider the 4-variable function shown in Fig. 4. For the
blank cells and cells with question marks, we do not know the function val-
ues. We want to predict the function values for the minterms with the question
marks. If we guess randomly, the probability to get the correct solution is one
half for each minterm. However, by analyzing the function carefully, we can
predict the correct solution with higher probability.

After careful analysis of the function, we notice that the function is inde-
pendent of the variable x3. It can be verified that the map is symmetric with
respect to the red horizontal line, as shown in Fig. 5. When the function is
independent of x3, the values for the blue cells can be guessed. In this way,
the values for the minterms with question marks can be guessed.

Example 5.3. Consider the 4-variable function shown in Fig. 6. For the
blank cells, we do not know the function values. We want to predict the func-
tion values for the minterms with the question marks. In this case, the function
depends on all the variables. Thus, we cannot use the previous approach. So,
we use logic minimization.
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Prediction of the values for minterms with ? marks
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FIGURE 5
Prediction of values by variable reduction

Fig. 7 shows the minimized SOP for the function. All the true minterms
are covered by three loops. From this, we can conjecture the function values
for the minterms with question marks.

In Examples 5.2 and 5.3, we used Occam’s razor [5] to predict the
unknown values. That is, we assume that the given data set can be repre-
sented with the simplest rule.

In machine learning, known data corresponds to the training set, while
unknown (or unseen) data correspond to the test set. The training accuracy
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Prediction of the values for minterms with ? marks
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FIGURE 7
Prediction of values by SOP minimization

is the ratio of the number of correctly predicted training samples to the size
of the training set. The test accuracy is defined similarly.

6 MNIST

MNIST [9] is a data set with handwritten digits. Fig. 8 shows selected images
from the data. The data set consists of 60,000 training images, and 10,000
test images. Each image consists of 28 × 28 = 784 pixels. Each pixel is
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FIGURE 8
Selected images of the MNIST data set.

represented by 8 bits. To reduce the data size, the original data was binarized
by the following transform: 0=[0,96] and 1=[97, 255]. That is, pixels whose
values are less than 97 are mapped to zero, while other pixels are mapped to
one. In this way, the circuit f to realize this has m = 10 outputs (one for each
digit) and n = 784 variables.

6.1 Result of Linear Decomposition
Consider the MNIST data set. The original function has n = 784 inputs, q =
10 outputs, and 59984 minterms. By an algorithm [14], we found a linear
decomposition with p = 37 primitive variables in 110 seconds, and a linear
decomposition with p = 25 compound variables in 2718 seconds∗ .

Note that for such a large problem, the conventional functional decompo-
sition having the form f (X1, X2) = g(h(X1), X2) [1,4] takes too much time,
since the number of partitions (X1, X2) to consider is O(2n).

6.2 Single-Unit Realization
The single-unit realization is shown in Fig. 9, where n = 784 and p = 25.
This is consistent with the upper bound on the number of compound vari-
ables:

U P = 	log2(N1 + 1)
 = 30

∗ Used a computer with an INTEL Core i7, 7700, 3.65 GHz, and 64GB main memory on Windows 10.
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FIGURE 9
Single-unit realization of MNIST.
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FIGURE 10
45-unit realization of MNIST.

given by Theorem 1, where

N1 =
∑

(i< j)

ki k j � 45 × 6000 × 6000.

The linear circuit consists of 37 EXOR gates with 2 inputs. The size of the
memory is 32 megawords. In this case, the test accuracy = 0.156.

6.3 45-unit Realization
The 45-unit realization is shown in Fig. 10. In the circuit, each unit decides
if the input image represents the digit i , or the digit j , or another digit. Note
that there are

(10
2

) = 45 units. Each unit produces a ternary output: i or j
or other digit. A counter counts the number of 1’s in the inputs. The counter
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1 2 3 4 5 6 7 8 9
0 10 14 14 13 14 15 12 14 14
1 15 15 13 14 13 15 16 13
2 17 15 16 16 17 16 15
3 14 17 14 16 17 16
4 15 14 15 16 18
5 17 15 17 16
6 12 16 13
7 15 17
8 17

TABLE 4
Number of compound variables to distinguish a pair of digits in MNIST

t ∑ ∑Counter ∑

45-unit 45-unit 45-unit45-unit

class 0 class 1 class 9
6 6 6

FIGURE 11
45-unit ×4 realization.

with the largest value identifies the most probable input digit. In this case, the
test accuracy is 0.901 after SOP minimization [17].

Table 4 shows the numbers of compound variables to distinguish different
digits.

When a linear transformation is used, any pair of digits can be distin-
guished with at most 18 compound variables. This is consistent with the
upper bound

U P = 	log2(ki k j + 1)
 = 25

given by the Corollary 4.1, where ki � 6000.
In particular, to distinguish digits 0 and 1, we need only 10 compound

variables, while to distinguish digits 4 and 9, we need 18 compound variables.
This means that to distinguish digits 0 and 1 is the easiest, while to distinguish
digit 4 and 9 is the hardest.
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6.4 45-unit ×4 Realization
The 45-unit ×4 realization of MNIST is shown in Fig. 11. In this case, the
training set is partitioned into four disjoint sets, and each set is implemented
by 45-unit. Each counter has 9 × 4 = 36 inputs. The total number of units is
45 × 4 = 180. In this case, the total amount of memory is smaller than the 45-
unit realization. And, the test accuracy is 0.925 after SOP minimization [17].

7 FASHION MNIST

Fig. 12 shows sample images of Zalando’s [32] fashion items. Each image
is a bit map of 28 × 28 = 784 pixels. Originally each pixel was represented
by an 8-bit number (i.e., 256-valued grayscale). To reduce the size of data,
each pixel was represented by a binary bit, where threshold = 32. Similar to
the case of MNIST, the data set consists of 60,000 training images, about
6000 images for each article. There are 10 items. Thus, we have a 784-input
10-output function. Again, this function can be implemented by the circuits
in Fig. 9 and Fig. 10, the same architecture as MNIST. When the single-unit
realization is used, this function can be represented with p = 26 compound
variables.

When a 45-input realization is used, any pair of articles can be distin-
guished with at most 19 compound variables. This is consistent with the
upper bound

U P = 	log2(ki k j + 1)
 = 25

given by the Corollary 4.1, where ki � 6000.
Table 5 shows the numbers of compound variables to distinguish different

articles. In particular, to distinguish (1) Trousers and (7) Sneakers, we need
only 5 compound variables, while to distinguish (0) T-shirt/top and (6) Shirt,
we need 19 compound variables.

8 COMPARISON WITH NEURAL NETWORKS

In this section, we compare the presented method (SOP-based method) with
neural networks.

8.1 Realization using Neural Network
Consider the neural network shown in Fig. 13. This circuit was designed by
LeCun et. al [8]. It has n = 784 inputs, 300 hidden units, and m = 10 outputs.
The test accuracy is 0.993. In this case, each pixel is represented by 8 bits.
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FIGURE 12
Fashion-MNIST data set. Reproduced from an article in ITmedia/@IT with permission [7]. Orig-
inal data comes from [6], [31].

1 2 3 4 5 6 7 8 9
0 16 18 18 17 13 19 9 16 10
1 14 17 14 9 15 5 12 8
2 17 19 10 19 6 17 8
3 18 10 19 7 15 8
4 9 19 6 16 8
5 12 19 16 18
6 8 17 11
7 13 19
8 12

TABLE 5
Number of compound variables to distinguish a pair of articles in Fashion-
MNIST.

FIGURE 13
Neural network for MNIST
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8.2 Comparison of Goals
The goals of two methods are different. The goal of the SOP-based method
is to derive a compact set of rules that is consistent with the training set.
Thus, the accuracy for the training set is 1.00. On the other hand, the goal of
neural networks is to derive a circuit with high accuracy for both the training
set and the test set. That is, to derive the circuit with high generalization
ability. In other words, the goal of the SOP-based method is logic synthesis
for the training set, while the goals of neural networks is approximate logic
synthesis [28] [25] for the training set.

The SOP-based method not only memorizes the training set, but also ana-
lyzes the data and generalizes it by

� Reduction of variables, and
� Assignment of values to don’t care elements, which is done during SOP

minimization.

Examples are shown in Figs. 5 and 7.
Table 6 compares the SOP-based method with neural networks. The SOP-

based method uses an SOP, or a two-level AND-OR circuit, and is imple-
mented by memories. On the other hand, a neural network is a multi-level
threshold network. To learn the circuit, the SOP-based method uses reduc-
tion of variables, reduction of products, and reduction of literals. On the
other hand, neural networks are designed by back-propagation, stochastic
gradient descent (SDG), and batch normalization. The SOP-based method
is easier and faster to learn. However, the generalization ability is lower than
neural networks. The SOP-based method requires a smaller training set than
required by neural networks. Also, the SOP-based method is easier to inter-
pret than neural networks. As for the applications, the SOP-based method
is suitable for simple problems [18], while neural networks are suitable for
complex problems.

9 PLA MEASURE

In the optimization of classification functions, we used two measures: The
first measure is the number of variables, and the second measure is the num-
ber of the products in an SOP. However, there is a tradeoff between these two
measures.

Example 9.1. Consider the function in Table 7. If we minimize the number of
the products in an SOP, it can be reduced to two, but requires four variables,
as shown in Fig. 14. On the other hand, if we minimize the number of the
variables, it can be reduced to three, but requires three products, as shown in
Fig. 15.
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SOP-based method Neural Network

Circuit Structure AND-OR two-level Multi-level threshold

network

Method for learning Reduction of variables Backpropagation

Reduction of products SGD

Reduction of literals Batch normalization

Learning Easy Difficult

Learning time Short Long

Generalization ability Low High

Hardware/Power Low High

Required training set Small Large

Interpretation Easy Difficult

Applications Simple problems Complex problems

TABLE 6
SOP-based Method vs. Neural Networks

x1 x2 x3 x4 f

0 1 0 1 1

1 0 0 1 1

1 1 0 0 1

0 0 0 1 0

0 1 1 0 0

1 0 0 0 0

TABLE 7
Partially defined function

As shown in the above example, in a classification function, if we reduce
the number of variables first, then the reduction of the number of products
in the SOP becomes harder. On the other hand, if we reduce the number
of products in the SOP first, then the reduction of the number of variables
becomes harder.

To consider both measures at the same time, we introduce the third mea-
sure: The area of a programmable logic array (PLA) [11, 20].

Definition 9.1. The PLA measure for a two-class function is no · t , where no

is the number of variables after optimization, and t is the number of products
in the optimized SOP.
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SOP with the fewest products: F1.
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FIGURE 15
SOP with the fewest variables:F2.

Example 9.2. The PLA measure for the SOP in Fig. 14 is 4 × 2 = 8, while
that for the SOP in Fig. 15 is 3 × 3 = 9.

From experimentalts, optimization of the PLA measure seems to be diffi-
cult. For sparse functions, minimization of variables first, and the minimiza-
tion of the products second, often reduces the PLA measure.

10 CONCLUSION AND COMMENTS

This paper summarized recent results on classification function. It showed
that
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� Reduction of variables and simplification of SOPs for classification func-
tions improves generalization ability.

� For randomly generated two-class functions with k0 false minterms and k1

true minterms, the number of variables can be reduced to �log2(k0k1)� − 2,
in most cases.

� Any two-class function can be represented with at most 	log2(k0k1 + 1)

compound variables.

� For sparse functions, minimization of the variable first, and then minimiza-
tion of the products often reduces the PLA measure.

� Compared with neural networks, the presented method produces simpler
classifiers, but their accuracies are lower.

Applications of the presented approach include ultra-high-speed classifi-
cations: packet classification, network intrusion detection, and exotic particle
detection in high-energy physics [10, 30]. Other applications include medi-
cal diagnosis, where the size of training set is small, and the set is imbal-
anced [22].

Row-shift decomposition [26] is a new type of a decomposition for a clas-
sification function, where the function is implemented by a pair of look-up
tables and adder, which is out of scope in this survey.
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