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Abstract

This paper defines the sum-of-generalized-products expres-
sion (SOGP), a generalization of a sum-of-products expres-
sion (SOP), which is suitable for FPGA implementation.
2k-valued logic is introduced to design circuits with k-input
LUTs. Minimization methods for SOGPs are developed.
Experimental results show that SOGPs require many fewer
products than SOPs, especially for symmetric functions and
adders. The method is promising for FPGA design.

1 Introduction

1.1 Previous Approach

Most logic synthesis systems use sum-of-products expres-
sions (SOPs) to represent logic functions. When AND and
OR gates are the basic logic elements, SOPs are quite use-
ful.
However, for a field programmable gate array (FPGA), ba-
sic logic elements are look-up tables (LUTs). In such a case,
logic design using LUTs is desirable.
In the past, several logic design methods using LUTs as ba-
sic elements have been developed. One method is based on
multi-valued decision diagrams, where each node of a deci-
sion diagram is replaced by an LUT that implements mul-
tiplexers or their extensions [8, 9, 13]. Another method is
based on binary decision diagrams (BDDs), and uses LUTs
to implement cascades [10]. It is useful for functions whose
BDDs are relatively small.

1.2 New Approach

In this paper, we consider a generalization of multi-valued
SOPs that is suitable for FPGA implementations.
An SOP is realized by a two-level AND-OR circuit such as
shown in Fig. 1.1. By replacing a set of inverters with multi-
valued literal generators, we have a circuit that realizes a
product with multi-valued literals shown in Fig. 1.2. By
combining products by an OR gate, we have a circuit that
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Figure 1.1: AND-OR two-level circuit.
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Figure 1.2: Product with multi-valued literals.

realizes a sum-of-products (SOP) with multi-valued literals
[11]. In Fig. 1.2, by replacing the AND gate with an LUT,
we have a circuit that realizes a generalized product (GP)
g(h1(X1),h2(X2),h3(X3),h4(X4)) as shown in Fig. 1.3. The
LUT for hi is a literal generator, while the LUT for g is
a GP generator. By combining the generalized products
with an OR gate, we have a circuit that realizes a sum-of-
generalized-products (SOGP) as shown in Fig. 1.4.

2 Realization of SOGP on an FPGA

In this paper, we use LUT type FPGAs. Such an FPGA
consists of many LUTs, as well as block RAMs (BRAMs).
To illustrate the idea, we assume that each FPGA has
four inputs. In this case, we introduce 16-valued logic
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Figure 1.3: Generalized product.
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Figure 1.4: Sum-of-generalized-products.

to design 4-input LUT circuits. A 4-input LUT real-
izes an arbitrary function of four variables. Fig. 2.1 (a)
shows a map of a 4-variable function. An arbitrary 4-
variable logic function can be represented by a subset of
16 minterms {m0,m1, . . . ,m15}. For example, the function
in Fig. 2.1 (b) can be represented by a set of four minterms
{m1,m6,m9,m12}. Instead of using a set of minterms, we
can use a 16-valued literal. Let X = (x1,x2,x3,x4). Then,
the function in Fig. 2.1 (b) can be represented by the literal
X{1,6,9,12}. This literal specifies that the function is 1 if and
only if the input combination X = (x1,x2,x3,x4) represents
either 1, 6, 9, or 12. In this case, four variables are treated
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Figure 2.1: Map for 4-variable Function.
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Figure 2.2: Realization of SOGP by LUTs.
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Figure 2.3: Realization of SOGP by BRAMs.

together as X = (x1,x2,x3,x4), and X is considered as a 16-
valued variable. Thus, Fig. 1.2 implements a product of
16-valued literals of the form XS1

1 XS2
2 XS3

3 XS4
4 , where Si ⊆ P

and P = {0,1,2, . . . ,15}.
Fig. 2.2 shows a realization of an SOGP by LUTs. Note
that each column realizes a generalized product having a
form gi(h1(X1),h2(X2),h3(X3),h4(X4)). Since each LUT
has four inputs, Fig. 2.2 implements a logic function with 16
binary inputs. Fig. 2.3 shows a realization of an SOGP by
BRAMs. Note that FPGAs often have BRAMs that can be
configured as memories with 7 to 9 inputs and 8 to 36 out-
puts. In these figures, the horizontal lines denote bundles of
binary lines. Each horizontal bundle denotes a multi-valued
variable, and each column realizes a generalized product
of multi-valued literals. When the BRAM has k inputs, an
SOGP with 2k-valued literals is realized. When BRAMs
(synchronous RAMs) are used as logic elements, a clock
pulse is necessary.
We can formulate the optimization problem of an SOGP as
follows:

Problem 1 Given a function f and a partition of the input
variables (X1,X2, . . . ,Xr), represent f (X1,X2, . . . ,Xr) as

_
g j(h1 j(X1),h2 j(X2), . . . ,hr j(Xr)),



using the minimum number of gk’s.

Interesting questions include

1. How to partition the variables?

2. How to minimize the SOGP?

3. How many GPs are necessary to represent a function
by using an SOGP?

When FPGAs with 4-input LUTs are used, each variable Xi

consists of 4 binary variables.

3 SOP with Multi-Valued Literals

Before showing the design method, we present some defi-
nitions. Optimization of SOPs with multi-valued variables
is well known [6, 5, 9].

Definition 3.1 A mapping f : Pn→ B is a p-valued input
two-valued output function, where P = {0,1, . . . , p− 1}
and B = {0,1}. Let X be a variable that takes a value
in P = {0,1, . . . , p− 1}. Let S be a subset (S ⊆ P) of
P. Then, XS is a literal of X. When X ∈ S, XS = 1,
and when X /∈ S, XS = 0. Let Si ⊆ P(i = 1,2, . . . ,n), then
X1

S1X2
S2 · · ·Xn

Sn , the AND of n literals is a logical product.W
(S1,S2,...,Sn) X1

S1X2
S2 · · ·Xn

Sn is a sum-of-products expres-
sion (SOP). When Si = P, Xi

Si = 1 and the logical product is
independent of Xi. In this case, literal Xi

P is redundant and
can be deleted. A logical product is also called a product
term. When |Si| = 1 for all i, (i = 1,2, . . . ,n), the product
is a minterm. When Si = P for all i, the logical product
corresponds to the constant 1. When p = 2, f is a two-
valued logic function. When we consider two-valued logic
functions only, we often represent the literal X{0} by X, and
X{1} by X.

An arbitrary multi-valued input two-valued output function
is represented by an SOP. Many SOPs exist that represent
the same function. Among them, one with the minimum
number of products is a minimum SOP. MINI [2] and
ESPRESSO-MV [5] can minimize SOPs with multi-valued
inputs.

4 Simplification of SOGPs

In this part, we consider a method to generate a simple
SOGP for a given function. The method first generates an
SOP with multiple-valued literals. Then, we simplify it us-
ing the properties of SOGPs. To show the method, consider
the following:

Example 4.1 Consider an SOP of a function f :
{0,1,2,3}3→{0,1}.

f = X{0,3}
1 X{1,2,3}

2 X{3}3 ∨X{1,2}
1 X{0}2 .

By rewriting the second product, we have

f = X{0,3}
1 X{1,2,3}

2 X{3}3 ∨X{0,3}
1 X{1,2,3}

2 .
Note that the latter expression requires only one kind of
literal generator for each variable. Let

y1 = X{0,3}
1 ,y2 = X{1,2,3}

2 and y3 = X{3}3 .
Then, the given function can be represented as a single GP:
f = y1y2y3∨ ȳ1ȳ2 = g(y1,y2,y3). (End of Example)

Definition 4.1 A traditional implicant of a function f is
a product term that implies f . A generalized implicant
is a function of the form g(h1(X1),h2(X2), . . . ,hr(Xr)) that
implies f . A non-traditional implicant is a generalized
implicant that cannot be represented by a single product.

Note that in Example 4.1, X{0,3}
1 X{1,2,3}

2 X{3}3 is a tradi-

tional implicant, while g(y1,y2,y3) = X{0,3}
1 X{1,2,3}

2 X{3}3 ∨
X{0,3}

1 X{1,2,3}
2 is a non-traditional implicant. Example 4.1

shows that two different prime implicants can be merged
into one GP. To find such pair of products, we need the fol-
lowing:

Definition 4.2 Consider two products of a function: c1 =
XS1

1 XS2
2 . . .XSr

r and c2 = XT1
1 XT2

2 . . .XTr
r , where Si ⊆ Pi and

Ti ⊆ Pi. Then, c1 and c2 are compatible iff for all i, (Si = Ti

or Si = Pi or Ti = Pi or Si = T̄i).

Compatible implicants can be merged to a single general-
ized implicant.

Example 4.2 Consider the function f : {0,1,2}3→{0,1}.
In this case, P1 = P2 = P3 = {0,1,2}. Let

f = X{0}1 X{0}2 X{0}3 ∨X{0}1 X{1,2}
2 X{1,2}

3

∨X{1,2}
1 X{0}2 X{1,2}

3 ∨X{1,2}
1 X{1,2}

2 X{0}3 .

Note that all the products are compatible each other, since
f can be written as follows:

f = X{0}1 X{0}2 X{0}3 ∨X{0}1 X{0}2 X{0}3 ∨X{0}1 X{0}2 X{0}3

∨X{0}1 X{0}2 X{0}3 .

Thus, f is represented by a single GP. (End of Example)

To represent a GP compactly, we use the notion of a base
product.

Definition 4.3 Let g(h1(X1),h2(X2), . . . ,hr(Xr)), be a gen-
eralized product. Then, a base product is c0 =
XS1

1 XS2
2 . . .XSr

r , where hi(Xi) = XSi
i .

Example 4.3 Consider the function in Example 4.2. Let
the base product be one where each literal contains the

0 element. Then, X{0}1 X{0}2 X{0}3 is the base product.
(End of Example)



111
111
111
111

0 1 2 3

0

1

2

3

X

X

0
1 1

2 2

1 2 3

111

111
1 11

111
0 1 2 3

0

1

2

3

X

X

1 2 3

(a) (b)

Figure 4.1: Map for 2-variable Function.

Lemma 4.1 For a given function f and a base product c0,
there exists a unique GP.

Algorithm 4.1 (Generation of the GP from a base prod-
uct).

1. Let the base product be c0 = XS1
1 XS2

2 . . .XSr
r .

2. Let c1 = XT1
1 XT2

2 . . .XTr
r be a product, where none or

some literals of c0 are complemented. Note that there
are 2r different c1’s to consider.

3. The GP is obtained as the sum of all possible products
c1 that does not intersect f̄ .

Example 4.4 Consider the two-variable function f (X1,X2)
shown in Fig. 4.1(a). Let the base product be c0 =

X{0}1 X{0}2 . Consider the products c1 = X{0}1 X{0}2 , c2 =

X{0}1 X{0}2 , and c3 = X{0}1 X{0}2 . Since c1 and c2 do not in-
tersect f̄ , the GP generated by c0 is

c4 = X{0}1 X{0}2 ∨X{0}1 X{0}2 = X{0}1 ⊕X{0}2 .

From the base product c5 = X{1}1 X{1}2 , we have the GP:

c6 = X{1}1 X{1}2 ∨X{1}1 X{1}2 = X{1}1 ⊕X{1}2 .

From the base product c7 = X{2}1 X{2}2 , we have the GP:

c8 = X{2}1 X{2}2 ∨X{2}1 X{2}2 = X{2}1 ⊕X{2}2 .

From the base product c9 = X{3}1 X{3}2 , we have the GP:

c10 = X{3}1 X{3}2 ∨X{3}1 X{3}2 = X{3}1 ⊕X{3}2 .

From the base product c11 = X{0,1}
1 X{0,1}

2 , we have the GP:

c12 = X{0,1}
1 X{0,1}

2 ∨X{0,1}
1 X{0,1}

2 = X{0,1}
1 ⊕X{0,1}

2 .

From the base product c13 = X{0,2}
1 X{0,2}

2 , we have the GP:

c14 = X{0,2}
1 X{0,2}

2 ∨X{0,2}
1 X{0,2}

2 = X{0,2}
1 ⊕X{0,2}

2 .

From the base product c15 = X{0,3}
1 X{0,3}

2 , we have the GP:

c16 = X{0,3}
1 X{0,3}

2 ∨X{0,3}
1 X{0,3}

2 = X{0,3}
1 ⊕X{0,3}

2 .
In this way, we have 7 GPs for f . (End of Example)

A set of compatible products can be uniquely represented
by a base product and f . In an SOP of f , a product of
f corresponds to an implicant of f , while in an SOGP, a

base product XS1
1 XS2

2 . . .XSr
r may not be an implicant of f . It

shows that XT1
1 XT2

2 . . .XTr
r is an implicant of f , where Ti = Si

or Si.
From the set of prime implicants of a multiple-valued SOP,
we can generate a GP cover of the function. However, to
obtain a minimum SOGP, we need additional GPs. The fol-
lowing example illustrates this:

Example 4.5 Consider the 3-valued input 4-variable func-
tion:

f = X{0,2}
4 X{1,2}

3 X{1,2}
2 X{2}1 ∨X{1}4 X{0,1}

3 X{0}2

∨X{0,2}
4 X{1,2}

3 X{2}2 ∨X{1}4 X{0}3

∨X{0,2}
4 X{2}3 ∨X{1}4 X{0,1}

3 X{0,1}
2 X{0,1}

1 .

This is the minimum SOP consisting of the essential prime
implicants [9] only. The following SOP consisting of prime
and non-prime implicants also denotes the same function:

f = X{0,2}
4 X{1}3 X{1,2}

2 X{2}1 ∨X{1}4 X{1}3 X{0}2

∨X{0,2}
4 X{1,2}

3 X{2}2 ∨X{1}4 X{0}3

∨X{0,2}
4 X{2}3 ∨X{1}4 X{0,1}

3 X{0,1}
2 X{0,1}

1 .

Note that the 1st and 2nd products are compatible. Simi-
larly, the 3rd and the 4th products are compatible. Also, the
5rd and 6th products are compatible. From this, we have
the following SOGP consisting of only three GPs:

f = (X{1}4 X{1}3 X{0}2 X{2}1 ∨X{1}4 X{1}3 X{0}2 )

∨(X{1}4 X{0}3 X{2}2 ∨X{1}4 X{0}3 )

∨(X{1}4 X{2}3 ∨X{1}4 X{2}3 X{1}2 X{2}1 ).

In the first SOP, the 1st and the 2nd products are not com-
patible. So, they cannot be merged. However, in the second
SOP, they are compatible and can be merged into one. Thus,
to derive a minimum SOGP, we have to consider non-prime
implicants, as well as prime implicants. (End of Example)

The above example shows that the minimization of SOGPs
is more complicated than that of SOPs.

Definition 4.4 A prime generalized implicant (PGI) of a
function f is a generalized implicant of f that cannot be
covered by other generalized implicant of f .

As for the number of PGIs, we have the following:

Theorem 4.1 Consider a function f (X1,X2, . . . ,Xr) of n
variables, where n = k · r and each Xi consists of k vari-
ables. Suppose that each literal generator has k binary in-
puts. Then, the number of distinct PGIs of the function f is
at most 2r(2k−1).



Corollary 4.1 Consider the cases of k = 1,2,3, and 4. The
numbers of PGIs of an n-variable function is at most

1. 2r = 2n, when k = 1.

2. (23)r =
√

8
n
= (2.828 . . .)n, when k = 2.

3. (27)r = 128
n
3 = (5.03 . . .)n, when k = 3.

4. (215)r = 32768
n
4 = (13.45 . . .)n, when k = 4.

In the case of k = 1, only one base product x̄1x̄2 · · · x̄n is
necessary to represent an n-variable function. Note that the
number of variables for g in Fig. 1.3 is n. This corresponds
to a single-memory realization of the logic function, and is
not interesting.
As for the number of products in an SOGP, we have the
following:

Theorem 4.2 An arbitrary function of n = kr variables can
be represented by a 2k-valued SOP with at most 2n−k prod-
ucts.

If we can find the set of all the PGIs, then we can find
an exact minimum SOGP, in a similar way to the case of
SOPs. Unfortunately, too many different PGIs exist for a
function. So, generating all the PGIs is not practical in
many cases. With this observation, we have developed two
types of SOGP minimization algorithms. Algorithm 4.2 is
similar to the Quine-McCluskey method, and obtains good
solutions, but requires a large amount of memory.

Algorithm 4.2 (GQM: Generation of a good SOGP).

1. Obtain the set of all the prime implicants of a multiple-
valued SOP.

2. Merge the compatible products.

3. Find the set of base products.

4. For each base product, generate the GP by Algorithm
4.1.

5. Append additional GPs (Optional).

6. Find a minimum cover of the minterms using GPs.

Example 4.6 Consider the two-variable function with 4-
valued input shown in Fig. 4.1(a).
Represent it as an SOP with 4-valued inputs.
There exist 14 prime implicants:

X{0}1 X{1,2,3}
2 , X{1,2,3}

1 X{0}2 ; X{1}1 X{0,2,3}
2 , X{0,2,3}

1 X{1}2 ;

X{2}1 X{0,1,3}
2 , X{0,1,3}

1 X{2}2 ; X{3}1 X{0,1,2}
2 , X{0,1,2}

1 X{3}2 ;

X{0,1}
1 X{2,3}

2 , X{2,3}
1 X{0,1}

2 ; X{0,2}
1 X{1,3}

2 , X{1,3}
1 X{0,2}

2 ;

X{0,3}
1 X{1,2}

2 , X{1,2}
1 X{0,3}

2 .
A minimum SOP has consists of four products: f (X1,X2) =
X{0}1 X{1,2,3}

2 ∨X{1}1 X{0,2,3}
2 ∨X{2}1 X{0,1,3}

2 ∨X{3}1 X{0,1,2}
2 .

Represent it as an SOGP with 4-valued inputs.
Note that each pair of prime implicants separated by semi-
colons are compatible. So they can be combined into 7
PGIs:
X{0}1 X{1,2,3}

2 ∨X{1,2,3}
1 X{0}2 = X{0}1 ⊕X{0}2 ,

X{1}1 X{0,2,3}
2 ∨X{0,2,3}

1 X{1}2 = X{1}1 ⊕X{1}2 ,

X{2}1 X{0,1,3}
2 ∨X{0,1,3}

1 X{2}2 = X{2}1 ⊕X{2}2 ,

X{3}1 X{0,1,2}
2 ∨X{0,1,2}

1 X{3}2 = X{3}1 ⊕X{3}2 ,

X{0,1}
1 X{2,3}

2 ∨X{2,3}
1 X{0,1}

2 = X{0,1}
1 ⊕X{0,1}

2 ,

X{0,2}
1 X{1,3}

2 ∨X{1,3}
1 X{0,2}

2 = X{0,2}
1 ⊕X{0,2}

2 ,

X{0,3}
1 X{1,2}

2 ∨X{1,2}
1 X{0,3}

2 = X{0,3}
1 ⊕X{0,3}

2 .

In this case, the base products of them are: X{0}1 X{0}2 ,

X{1}1 X{1}2 , X{2}1 X{2}2 , X{3}1 X{3}2 , X{0,1}
1 X{0,1}

2 , X{0,2}
1 X{0,2}

2 ,

and X{0,3}
1 X{0,3}

2 .

The corresponding GPs are shown above. A minimum
SOGP consists of two products

f (X1,X2) = (X{0,1}
1 ⊕ X{0,1}

2 ) ∨ (X{0,3}
1 ⊕ X{0,3}

2 ). Fig.
4.1(b) shows the map of the SOGP. (End of Example)

Algorithm 4.3 is a heuristic one and requires less memory
than Algorithm 4.2: It derives an SOGP quickly.

Algorithm 4.3 (GMINI: A fast generation of an SOGP).

1. g← f , sol← φ.

2. Obtain a near minimum multiple-valued SOP for g.

3. For each product ci in the SOP, obtain the generalized
implicant GI(ci) by Algorithm 4.1.

4. Let vol(GI(ci)) be the number of minterms of g that is
covered by GI(ci). Find the GI(ci) whose vol(GI(ci))
is the maximum.

5. sol← sol∪ci, g← g ·GI(ci) , DC←DC∪GI(ci) , and
go to Step 2.

5 SOGPs for Symmetric Functions
and Adders

5.1 Symmetric Functions

Regarding symmetric functions, we have the following:

Theorem 5.1 Consider a function f (X1,X2, . . . ,Xr), where
Xi consists of k binary variables. Let f (X1,X2, . . . ,Xr) be
partially symmetric with respect to Xi for i = 1,2, . . . ,r. That
is f is invariant under the permutation of variables in Xi.
Then, f can be represented by an SOP with 2k-valued vari-
ables with at most (k +1)r−1 products.
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Example 5.1
Sym9 is the symmetric function S9

{3,4,5,6}(X1,X2,X3), where

X1 = (x1,x2,x3),X2 = (x4,x5,x6) and X3 = (x7,x8,x9) [7].
The function is 1 iff the weight of the input vector is 3,4,5,
or 6. From Theorem 5.1, Sym9 can be represented by an
SOGP with at most (3 + 1)3−1 = 42 = 16 products, since
k = r = 3. In fact, the 8-valued SOGP requires only 6 GPs:

f = X{1,2,3,4,5,6}
1 (X{0,1,2,4}

2 ⊕X{0,1,2,4}
3 )

∨X{1,2,3,4,5,6}
2 (X{0,1,2,4}

1 ⊕X{0,1,2,4}
3 )

∨X{1,2,3,4,5,6}
3 (X{0,1,2,4}

1 ⊕X{0,1,2,4}
2 )

∨X{1,2,3,4,5,6}
1 X{1,2,3,4,5,6}

2 X{1,2,3,4,5,6}
3

∨X{0}2 (X{7}1 ∨X{7}3 )∨X{7}2 (X{0}1 ∨X{0}3 ).

In the above expression, the weight of X{1,2,3,4,5,6} is either
1 or 2; the weight of X{0,1,2,4} is either 0 or 1; the weight of
X{0} is 0; and the weight of X{7} is 3. The first three GPs in
the above SOGP denote the combinations that the sums of
the weights for X1, X2, and X3 are (1 or 2) +(0 or 1)+ (2 or
3). The fourth GP denotes the combination that the sum of
the weights is (1 or 2) +(1 or 2)+ (1 or 2). The last two GPs
denote the combinations that the sums of the weighs are (0)
+(3)+ (0 or 1 or 2). Note that a two-valued SOP for Sym9
requires 84 products. (End of Example)

Example 5.2 Consider the function g(Y1,Y2,Y3) shown in
Fig. 5.1. In this function, the value of Yi denotes the num-
ber of one’s of Xi in Sym9 in the previous example. So, the
number of PGIs for g is the same as the number of PGIs for
Sym9. The minimum SOGP is

f (Y1,Y2,Y3) = Y {1,2}
1 (Y {0,1}

2 ⊕Y {0,1}
3 )∨

Y {1,2}
2 (Y {0,1}

1 ⊕ Y {0,1}
3 ) ∨ Y {1,2}

3 (Y {0,1}
1 ⊕ Y {0,1}

2 ) ∨
Y {1,2}

1 Y {1,2}
2 Y {1,2}

3 ∨Y {0}2 (Y {3}1 ∨Y {3}3 )∨Y {3}2 (Y {0}1 ∨Y {0}3 ).
This also illustrates that Sym 9 can be represented by only
6 PGIs. (End of Example)

5.2 Adders

Regarding adders, we have the following:

Lemma 5.1 The i-th bit of an n-bit adder, si, can be repre-
sented by a 4-valued input SOGP with i products, where the
least significant output bit is s0.

From the above Lemma, we have the following:

Theorem 5.2 An n-bit adder can be represented by a 4-
valued input SOGP with n2+n+2

2 products.

Note that the numbers of products to implement n-bit
adders where n = 2r are as follows [9, 11]:

• 2-valued SOP : 6 ·2n−4n−5

• 4-valued SOP: n2 +1

• 16-valued SOP : 2r2− r +2

6 Experimental Results

We have developed two types of minimization programs
GQM and GMINI, and minimized SOGPs for standard PLA
benchmarks [12] as well as adders, randomly generated
functions and symmetric functions.

Benchmark Functions Table 6.1 shows the results. IN
denotes the number of inputs; OU denotes the number of
outputs; SOP denotes the number of products in a sum-of-
products expression; SOGP denotes the number of prod-
ucts in a sum-of-generalized products expression. 2-valued
denotes the number of products in a 2-valued expression;
4-valued denotes the number of products in a 4-valued ex-
pression; 16-valued denotes the number of products in a
16-valued expression. P denotes the program used to ob-
tain the result: Q denotes GQM, while M denotes GMINI.
Algorithm 6.1 in [11] was used to generate both 4-valued
and 16-valued expressions.
In general, 4-valued expressions require fewer products
than 2-valued ones, and 16-valued expressions require
fewer products than 4-valued ones. Note that the SOGP
for the benchmark function t481 require only one product,
while the minimum 2-valued SOP requires 481 products.
Fig. 6.1 shows the gate-level realization of t481 [4].

Randomly Generated Functions We generated random
functions of n variables, where the number of true minterms
is 2n−1. For example, 8 128 is an 8 input random function
that has 28−1 = 128 true minterms. In this case, 4-valued
SOGPs require fewer products than 4-valued SOPs. How-
ever, for 16-valued cases, SOPs and SOGP require the same
number of products.

Symmetric Functions Table 6.2 shows the number of
products to represent symmetric functions. These functions
are defined in [9]. In this case, three bits are grouped to



Table 6.1: Number of products to represent benchmark
functions

IN OU
2-valued 4-valued 16-valued

PSOP SOP SOGP SOP SOGP
adr4 8 5 75 17 11 8 7 Q
adr6 12 7 355 37 22 17 14 Q
adr8 16 9 1499 65 37 30 25 M

alu4 14 8 577 253 148 156 135 Q
alupla 25 5 2144 1008 561 429 381 M
apex2 39 3 39 14 12 14 14 M
apex4 9 19 427 412 412 383 382 M
chkn 29 7 140 106 92 63 59 M
cordic 23 2 914 67 20 15 10 M
ex1010 10 10 356 351 350 345 344 M
intb 15 7 629 294 185 200 176 M
misex3 14 14 658 424 361 187 184 Q
mlp4 8 8 119 83 68 47 47 Q
mlp5 10 10 486 325 234 184 163 Q
mlp6 12 12 1877 1192 833 553 518 Q
rdm16 16 16 404 281 192 140 129 M
t481 16 1 481 32 1 5 1 Q
tial 14 6 575 280 209 195 169 Q

8 128 8 1 46 32 28 14 14 Q
12 2048 12 1 572 429 373 214 214 Q

X
1

X 2
X 3
X 4
X 5
X 6

X 9
X 10

X 7
X 8

X 11
X 12

X 13
X 14

X 15
X 16

Figure 6.1: Gate-level realization of t481.

derive 8-valued variables. In the case of symmetric func-
tions, 8-valued SOGPs required many fewer products than
8-valued SOPs.

Comparison with Other FPGA Synthesis System
To show the potential of the approach, we compared the
number of LUTs and depth with IMap[3]. Table 6.3 com-
pares the number of 4-input LUTs for IMap and SOGP-base
synthesis tool. Note that IMap shows a result for a par-
ticular function, while the SOGP shows a result for a pro-
grammable circuits that implements a given function (i.e.,

Table 6.2: Number of products to represent symmetric func-
tions

In Out 2-valued 8-valued
PSOP SOP SOGP

sym6 6 1 15 3 2 Q
sym9 9 1 84 10 6 Q
sym12 12 1 495 31 10 Q
sym15 15 1 3003 101 30 Q
sym18 18 1 18673 346 145 M
wgt9 9 4 511 35 27 Q
wgt12 12 4 4095 135 104 Q
wgt15 15 4 32767 530 391 Q

Table 6.3: Number of LUTs and depth to implement func-
tions

In Out IMap SOGP
LUT depth LUT depth

alu4 14 8 1035 8 1019 6
ex1010 10 10 2524 9 2456 7
misex3 14 14 1086 8 1732 6

redundant inputs of the OR gates are also implemented ).
Thus, it may not be a fair comparison. For the mapping
of SOGP, we used Xilinx Spartan III(SC3S4000F), and a
Xilinx tool.

7 Conclusion and Comments

In this paper, we defined an SOGP, a generalization of an
SOP. An SOGP can be efficiently realized by a network
of LUTs. We also showed methods to simplify SOGPs.
Experimental results show that SOGPs require many fewer
products than corresponding SOPs, especially for symmet-
ric functions and adders. Note that an SOGP corresponds
to a three-level network, i.e., literal generators, GP gener-
ators, and the OR gate. In this case, the literal generators
and GP generators are implemented by LUTs. A more gen-
eral problem is to realize a logic function by a three-level
network of LUTs.
Scalability
Let n = k · r be the number of the inputs, k be the number of
inputs for LUTs for literal generators, and r be the number
of inputs for GP generators. When the maximal number of
inputs for an LUT in an FPGA is 6, the functions with at
most 36 inputs are directly implemented by an SOGP.
For the functions with more inputs, GP generators can be
realized by a trees of LUTs instead of the r-input LUTs. In
this case, we have to modify the algorithm. Even in such
a case, the number of products does not exceeds that of the
SOP, since the architecture implements an SOP as a special



case. A function whose SOP has a reasonable size can be
implemented by our method.
Applications
Since the circuit has a regular structure, an SOGP is suitable
for a programmable device. Since the interconnections are
fixed, dynamic reconfiguration is easy. For functions with
many inputs, LUTs with more inputs (5 or 6) or BRAMs
with more inputs can be used [11]. We are currently im-
proving an algorithm to group the input variables, as well
as a mapping system for FPGAs.
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