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Abstract

This papershavs four different methodsto evaluate
multiple-outputlogic functions using decisiondiagrams:
SBDD, MTBDD, BDD for characteristicdunctions (CF),
andBDDsfor ECFNs(EncodedCharacteristié-unctionfor
Non-zerooutputs). Methodsto computeaverageevalua-
tion time for eachtype of decisiondiagramsarepresented.
By experimentalanalysisusing benchmarkfunctions, the
numberof nodesandaverageavaluationtimearecompared.
EvaluationusingBDDs for ECFN outperformghoseusing
MTBDDs, BDDs for CF, and SBDDs with respectto the
size of BDDs and computationtime. The sizesof BDDs
for ECFNsare smallerthan onesof correspondingiTB-
DDs (Multi-TerminalBDDs), BDDs for CFs(Characteris-
tic Functions)and SBDDs(SharedBDDs).

1 Intr oduction

Variouskindsof BDDs exist to representnultiple-output
logic functions. Amongthem,anMTBDD (multi-terminal
BDD), an SBDD (sharedBDD), anda BDD representing
thecharacteristidunction (BDD for CF) arepopular For a
BDD for CF or an MTBDD, the evaluationtime is O(n+
m), wheren denoteghe numberof input variables,andm
denoteghe numberof outputvariables.For an SBDD, the
evaluationtime is O(n- m). BDDs for CFsand MTBDDs
are suitablefor high speedevaluation. Unfortunately the
sizesof theseBDDs tendto betoo large. Thus,we have to
resortto SBDDs,which requirelongerevaluationtime.

In [6], a new datastructurea BDD for ECFN (encoded
characteristidunction for non-zerooutputs)is introduced.
In thispaperwe shav thatby usingBDDs for ECFNs logic
evaluationcanbe morethantwo timesfasterthanby using
SBDDs.Also, thesizeof thememoryis smallerthanby us-
ing SBDDs. This methodcanbe usefulfor logic simulation
[1, 3] andembeddedystem2].

2 Function Evaluation using BDDs

Another method to representa logic function is the
branchingprogram. Fig. 2.1 shavs a methodto convert
a BDD into a branchingprogram. For a given logic func-
tion, constructa binary decisiondiagram(BDD), asshavn
in Fig. 2.1(a). Then,replaceeachnon-terminalnodeby an
if thenelsestatementTheresultis abranchingprogram,as
shawvn in Fig. 2.1(b). Then,by implementingthis program
by a computerwe canevaluatethelogic function.

The time to evaluatea logic function for a given input
is proportionalto the numberof non-terminalnodesthat
appeaiin the pathfrom therootnodeto theterminalnodes.

fo vg: if(x, == 0) gotov;
elsegotov,;
— l-edge % Vo if(x, == OA)1 gotovy;
---- 0-edge 9 A elsegotov;;
vy: if(x; == 0) gotov,;
g " elsegotov,;
: V,: if(x, == 0) gotov;
) e elsegotov,;
: vy return(l);
Vo @ Vo: return(0);
(b) Branchingprogramgenerated
(a)BDD. from BDD.

Figure2.1: BDD andbranchingprogram.
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Figure2.2: FunctionevaluationusingBDD.

Example 2.1 Consider the BDD in Fig. 2.1. When
(X5 %9, X5, %,) = (1,0,1,1) is applied, f;(1,0,1,1) = 1is
evaluated,as shownin Fig. 2.2. Notethat this involvesa
traverseacrossthreeedges Thisfigure also showsthat the
minimumpathlengthis two, whilethemaximurnpathlength
is four. (Endof Example)

As shavn in the abore example, the evaluationtime
dependson the input values. To estimatethe evaluation
time of differentDDs, we introducea metricaveragepath
length, whichmeasuretheaverageavaluationtime overall
possiblecombinations We measurghe averageevaluation
time by theaveragepathlengthin theBDD. We assuméhat
eachvariableoccursasa 0 with the sameprobabilityasa 1.
Thatis, atary node,a 0-edgeis aslikely to betraversedas
al-edge.

Definition 2.1 The nodetraversing probability, denoted
by P(v;), is the probability of traversingthe nodev;, when
a BDD is traversedfrom the root node to a terminal
node The edgetraversing probability, denotedby P(qo)
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Figure2.3: Averagepathlengthof BDD.

(P(ql)) is the probability of traversingthe 0 edge(the 1
edge)fromthenodeyv;.

Since,the probabilitiesthat 0 and 1 occurare assumed
to beequaland1/2, P(qo) = P(ql) =P(v)/2.

Lemma 2.1 Thenodetraversingprobability is equalto the
sum of the edgetraversingprobabilities of the incoming
edges.

Theorem 2.1 Theavemgepathlengthis equalto the sum
of the node traversing probabilities of the non-terminal
nodes.

Example 2.2 Let us calculatethe average path length of
the BDD in Fig. 2.3. P(v;) = 1, and we have P(eSO) =

P(e51) =1/2. P(v,) = 1/2. P(e4o) = P(e41) = 1/4
P(v3) = P(es) + P(&y)) = 1/2+1/4 = 3/4. P(ey) =
P(%l) = 3/8. P(v,) =3/8. P(ezo) = P(ezl) = 3/16.
Thus, the average path length of the BDD is given by
P(vs) + P(v,) + P(v3) + P(v,) = 14+ 1/2+ 3/4+3/8 =
42/16=2.625 (Endof Example)

3 BDDsfor Multiple-Output Functions

In this part,weintroduceMTBDDs, SBDDs,andBDDs
for CFsto represeninultiple-outputiogic functions.
3.1 Evaluation usingMTBDDs

Fig. 3.1 shavs an exampleof an MTBDD representing
a 4-variable4-outputlogic function. Sinceeachterminal
nodestoresall outputvalues theoutputvaluesareobtained
by just traversingthe MTBDD from theroot nodeto a ter-
minal node.

Whenthe outputsare storedin 32-bit words, up to 32
outputvaluesof a terminalnodecanbe evaluatedby a sin-
gle memoryaccessandupto 64 outputvaluescanbe eval-
uatedwithin two memoryaccessesln generalthe evalua-
tion timeis O(n+ m/32) = O(n+ m).

Similarto thecaseof BDDs, theaverageevaluationtime
is equalto the averagepathlength. Sincemary outputsare
evaluatedby one traversalof the MTBDD, the evaluation
is fast. Unfortunately the numberof terminalnodescanbe
up to 2™, andthe numberof nodeswill be too large to be
storedin amemoryfor mary practicalapplications.
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Figure3.1: Averagepathlengthof the MTBDD.

fo=xovxavXs f1=x0% fo=xp0vxg fa=XpovXy

Figure3.2: Exampleof SBDD.

3.2 Evaluation using SBDDs

An SBDDis obtainedrom thesetof BDDsrepresenting
multiple-outputfunctions,by sharingnodesamongBDDs
to reducethe numberof nodes.For ann-variablem-output
function,mBDDs areshared.To evaluatea multiple-outpu
function for eachoutput, traversethe edgesfrom the root
nodeto a constanhodeaccordingo thevaluesof theinput
variables.Thus,the evaluationtimeis O(n- m).

Fig. 3.2is the SBDD correspondingo the MTBDD in
Fig. 3.1. To evaluateall the outputvalues,we have to tra-
verseall theBDDsfor f, f;, f,, and f; from therootnode
to theconstannhodes sequentially The averagepathlength
of anSBDDis thesumof theaveragepathlengthsof thein-
dividual BDDs in Fig. 3.3,insteadof the SBDD in Fig. 3.2.

Example 3.1 Theaveragepathlengthof the SBDDshown
in Fig. 3.2is & + 3+ 5+ 3 =9 =8625 TheBDD in
Fig. 3.4 representsthe multiple-outpt function by using
auxiliary variablesz, andz,. In thiscasetheavemlgeeval-

fo=xonenxy f1=x00  f2=x0008 f3=x0vX,

Figure3.3: Averageevaluationtime of SBDD.



Figure3.4: BDD for multiple-outputfunction using auxil-
iary variables.

Table3.1: Derivationof CFfrom thetruthtableof multiple-

outputfunction.
(b)

@) X, %[ Ty T,[CF[Ix, [T, f,[CF
X %o fo T3 0 0/00[1]10[00]0
0 0|0 O 0 0/0 1|01 0|0 1|1
0101 0 0/10/0{10|10]0
1001 0 0/11]/0]10/11]0
1111 0 1|0 0|01 1]0 0O
fo = X%, 0 1/0 1/1l1 1|0 1|0
f—x Vx 0 1/1 0/0]1 1|1 0/0
llv2

0 1|1 1|01 1|1 1|1
uationtimeis 8.625+6=14.625. (Endof Example)

3.3 Evaluation usingBDDsfor CFs

For fastevaluationof multiple-outputfunctions,charac-
teristic functions(CFs)areuseful[1, 3, 7]. The CF for an
n-variablem-outputlogic functionis an(n+ m)-variable1-
outputlogic function,whereCF =1 if andonly if the com-
binationsof theinputsandthe outputsarevalid.

Example 3.2 Table3.1(a)showghetruth table of thetwo-
outputfunction fy = x;x,, f; = X; Vx,. Table3.1(b)is the
truth table for the correspondingCFE. For example,since
the combination (x, x,, fy, f;) = (0,0,0,0) existsin Ta-
ble 3.1(a), the value of CF in (b) the correspondingrow
is 1. Sincethecombination(x,, x,, fy, f;) = (0,0,0, 1) does
not exist in Table 3.1(a), the value of CF in (b) the corre-
spondingrowis 0. (Endof Example)

For ann-variablem-outputfunction, the numberof rows in
thetruth tablefor CF is 2™, Amongthem,2" rows have
1'sandtheremainingrows have 0's.

By usingthe BDD for CF, we canevaluatea multiple-
outputlogic functionquickly. Considerthe multiple-output
function from Figs. 3.1 and3.2. The BDD for CF for the
multiple-outputfunctionis shavn in Fig. 3.5. Notethatthe
non-terminalnodeshaving indicesf,, f;, f,, andf; corre-
spondto auxiliary variables.ln aBDD for CF, theauxiliary
variable f; canappearnly afterall theinput variablesthat
dependon f; appear Also, eitherthe 0-edgeor the 1-edge

Figure3.5: Evaluationof functionusingBDD for CF.

of eachauxiliary variablesis connectedo the constant0
node.Thenext exampleshavs a methodto evaluatealogic
functionby usinga BDD for CF.

Example 3.3 (FunctionevaluationusingBDD for CF)
Usingthe BDD for CF in Fig. 3.5, obtainthe outputvalues
for theinput (x;,X,,X3,%,) = (1,0,0,1).

Theindex of theroot nodev, is x;. Sincethe value of
X, is 1, proceedto the 1-edgeto nodev, ;, whoseindex is
X,. Sincethevalueofx, is 0, proceedo the 0-edgeto reach
the nodev, ;, which corresponddgo auxiliary variable f, .
Whenwe arrive at an auxiliary variable, we haveto pro-
ceedalong either the 0-edgeor the 1-edge If we proceed
along the 0-edgeand arrive at the terminal node0, then
the outputvalueis non-zeo, thatis, the outputis 1. In this
case badcktradk andproceedalongthe 1-edge Ontheother
hand,if we proceedalongthe 1-edgeand arrive at theter-
minal node 0, thenthe outputvalueis non-1,that is, the
outputis 0. In this case we haveto badtrad and proceed
alongthe0-edge

In this example,we proceedalong the 1-edgefirst and
arrived at the terminal node0. Sowe haveto badtrack
to the O-edge,becausewe obtainedthe value f; = 0. If
we proceedalong the 0-edgéfirst, wewill not arrive at the
terminal node0, and we obtain the value f; = 0. In this
case,we can reducethe seach time for the badtrack. In
this example, whenwe arrive at an auxiliary variable, we
first proceedalongthe 1-edge Similarly, we seach there-
maining parts, and by traversing10 edgeswe can deter
minethat the outputvaluesare ( fy, f,, f,, f3) = (1,0,0,1).

(Endof Example)

If the probabilitiesof taking valuesO and1 are the same
for all f;, thenthe evaluationtime doesnot dependon the
orderof traversal. As shavn in Example3.3, the average
evaluationtime usinga BDD for CF is obtainedfrom the
averagepathlengthof the BDD. However, whenwe arrive
at a nodev; that correspondgo an auxiliary variable, we
have to modify the algorithm as follows: At the nodev;

that correspondso anauxiliary variable,eitherthe 0-edge
or the 1-edgeis connectedo the terminalnodeO. Let the



Figure3.6: Averagepathlengthin BDD for CF

probability taking valuesO and 1 be the samefor f;. Then,
the probability of traversingthe edgethatis connectedo

the constan® is onehalf of the probability P(v;). Also, the
otheredgeis alwaystraversed.Thus,the sumof thepassing
probability for bothedgess 1.5- P(v;).

Example 3.4 Fig. 3.6showshemethodo obtaintheaver

ageevaluationtimeoftheBDD for CF shownin Fig. 3.5. It

iscalculatedas1+ 3+ (3 + )+ (G +3)+3+(3+3)+

(F+ )+ (3+a) Tat g +(pra) (et o)+ st

35)+ (76 + ) + (i + 33) = 55 = 9.0. (Endof Example)
In this way, BDDs for CFs evaluatea logic function in

O(n+ m) time, which is fasterthanthe correspondingsB-

DDs. However, whenthevalueof n+mis large,thenumber
of nodesds excessie, andwe cannotconstructhe BDD for

CFE

4 Function Evaluation using BDDsfor ECFNs

A new methodto represenimultiple-outputfunctions,
usingaBDD for ECFN(encodedharacteristiéunctionfor
non-zerooutputs)[6], is fasterandrequiressmalleramount
of memorythanSBDDs. This sectionshaws the properties
of theBDD for ECFN.
4.1 ECFN and Output Encoding Problem

An ECFN representghe mapping: F : B" x BY — B,
whereu = [log,m]. F(a,b) = 1 iff fv(b)(a) =1, where
v(b) is anintegerrepresentedly thebinaryvectorb.

Example4.1 The ECFN for the four-output function
shownin Fig. 3.1is F = z,z,f, v z;z)f, V ,,f, v 2,7, 5.
(Endof Example)

ECFNscanbe usedin FPGA design,logic emulation,em-
beddedsystemetc[5]. A BDD for ECFNis consideredis
ageneralizatiorof an SBDD.

Definition 4.1 22 = Zandz! = z.

Definition 4.2 For anm-outputunctionf;(i=0,1,...,m—

m-1
1), the ECFNis F = \/ Zu12w2...2%f, whee b =
i=0

Table4.1: EncodingMethodsfor Four-outputFunction.

z,|z;|Encodingl|Encoding2|Encoding3

0(0 fo fo fo

01 f f fs

1|0 f, fs f,

1|1 fs f, f
SBDD* BDD for ECFN

Auxiliary variables
and input variables

Auxiliary
variables
Input

variables

Figure4.1: SBDD" andBDD for ECFN.

(b,_1,0b,_5 ..., by) is abinary representatiorof theinteger
i, andu = [log, m|.

(=]
(=]

Z, 7y, ..., Z, ; areauxiliary variables.n the above defi-
nition, the integeri is representedby a binary vector b us-
ing the naturalencoding However, differentencodingsan
simplify therepresentation.

Example 4.2 Consider the four-output function F =
(fo, Ty, fp, f3), whee fy =0, f; =x;, f, =%, and f; =x; v
X,. TheECFNF, geneatedby Encodingl in Table4.1is
F, =27,y VZ2,f, V7,7, f, vV 7, 7)f5. In thiscase we have
Fi =220V 2,20, V 212 V 212(% V %) = 2% V 21X,

The ECFNF, geneated by Encoding2in Table 4.1 is
F, = yz)f, v 2,2, f, vV 27,5 V zyf,.  In this case, we
haveR, = 2,0V 2,20 V 17(% V X,) V 2,2, = 3 75% V
21 Zo% V 1 X

This exampleshowsthat encodingsnfluencethe sizeof
therepresentation. (Endof Example)

4.2 Optimization of BDDsfor ECFNs

The BDD shawn in Fig. 3.4 canbe consideredsa spe-
cial caseof a BDD for ECFN. Fromnow on, sucha BDD
will besimplydenotedby anSBDD*. Asshavnin Fig. 4.1,
in an SBDD', the auxiliary variablesappearabore the in-
put variables. However, in a generalBDD for ECFN, the
auxiliary variablesandthe input variablescanbe mixedto-
gether By optimizingthe orderingof theinputandthe aux-
iliary variablestheBDD canbe minimized.

Definition 4.3 The numberof nodesin the BDD (includ-
ing both non-terminaland terminal nodes)is denotedby
nodes(BDD).

Theorem 4.1 nodegBDD for ECFN) < node§ SBDD')
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Figure4.3: Optimizationof
the outputencoding.

Figure 4.2: BDD for
ECFN consideringvari-
ableordering.

Example 4.3 LettheBDD in Fig. 3.4bea BDD for ECFN.
Whenwe optimizethe ordering of the variables,the BDD
for ECFNshownin Fig. 4.2is obtained. (End of Example)

In thisway, BDDsfor ECFNscanbemadesmallerthancor-
respondingsBDD s. By optimizingboththeoutputencod-
ing andthe variableordering,we can obtainthe BDD for
ECFNhaving fewer nodeshanthe correspondinggBDD*.

Example 4.4 Fig. 4.3showgheBDDsfor ECFNsthatrep-
resentF; andF, in Example4.2. Notethat the numbersof
nodesare 6 and 7, respectively They useEncodingsl and
2 in Table 4.1. This exampleshowsthat outputencodings
influencethe sizeof the BDDs. (Endof Example)

4.3 FastEvaluation using BDDsfor ECFNs

By usingthe BDD for ECFNin Fig. 4.2, we cansa/e
memoryand evaluatefunctionsfasterthanthe correspond-
ing SBDD*. For example, when we apply the input
(X5 %9, X5, %,) = (1,1,0,0) to the BDD in Fig. 4.2, we can
seethatall theoutputsf, f,, f,, andf; arel. Ontheother
hand,if we usethe SBDD" in Fig. 3.4, we needto traverse
the BDD four times. This showvs thata BDD for ECFN of-
tenevaluatesseveral outputsat onetraversal.

Example 4.5 Consider the BDD for ECFN shown in
Fig. 4.4. Notethat not all the auxiliary variablesappear
in a pathfromtherootto a terminalnode
Considerapplyingtheinput (X;, Xy, X3) = (1,1, 1) to the
BDD for ECFNshownin Fig. 4.4. By traversingfive paths
0 ~ 4, we can evaluate eight outputs(0,1,1,1,0,1,0,1).
In fact, in the path O, f; is evaluated;in the path 1, f; is
evaluated; in the path 2, f, and f; are evaluated;in the
path3, f, and f; are evaluated;in the path4, f; and f, are
evaluated. (Endof Example)

From here,we will shav a fastmethodto evaluatea BDD

for ECFN. During BDD traversal,whenwe encounteran
auxiliary variable, by searchingboth subtreesfor 0-edge
andl-edgewe canevaluateall the outputsefficiently.

Figure4.4: Methodto traverseBDD.

In orderto evaluateall the outputsfor aninput, we need
an efficient algorithm to traversethe BDD. The follow-
ing algorithm produceghe valuesof multiple-outputlogic
functionsin a compactform. Note that the algorithmis
morecomplicatedhanthatof BDD for CF

Algorithm 4.1 (Evaluation of Multiple-Output Function
usinga BDD for ECFN)
eval(){
u= [log,m;
eval(roat, u);
expandthe parenthesiof the outputlist;
}
evalp(p,lagindex){
if (p == non-terminalnode {
if (p == nodefor aninputvariable){
if (x[p — index] == 0)
evalp(p — Oedge, lagIndex);
else
evalp(p — ledge lagIndex);
} elseif (p== nodefor an auxiliary variable) {

currentindex «+— index of the currentnode;
printf (Zlastlnda—currertlnde(—l)_

printf (" (");
evalp(p — Oedge, currertindex);
evalp(p — ledge, currertindex);
printf (*)");

} else{/* terminalnode*/
printf (Zcurrertlnde();
printf (" (");
printf (thevalueof currentterminalnode);
printf (*)");
return():

}

}
}

The averageevaluationtime is equalto the averagepath
length, which can be obtainedsimilarly to the case of
BDDs. Changehevaluesof (z,,z;,7,) to (0,0,0), (0,0, 1),
(0,1,0),..., and(1,1, 1), andobtainthe sumof thelengths
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Figure4.5: Averagepathlengthof BDD for ECFN.

of pathsfrom the auxiliary variablegto theterminalnodes.

Example 4.6 Figs. 4.5(a)—(e)illustrate a methodto ob-
tain the aveage evaluation time of the BDD for ECFN
in Fig. 4.2. Theaverage evaluationtime is calculatedas
1+3+8+3+2843=5=712  (Endof Example)

5 Experimental Results

For selectedMCNC benchmarkfunctions, we con-
structedMTBDDs, BDDsfor CFs,andSBDD"s. Table5.1
comparesheaveragenumberof nodesandevaluationtime
of decisiondiagrams.To constructBDDs for ECFNs,we
usedthe encodingmethodin [5]. In the table, Namede-
notesthe function name,ln denoteghe numberof inputs,
Outdenoteghe numberof outputs,Nodedenoteghe num-
berof nodes.andEvadenoteghe averageevaluationtime.
In thecolumnsBDD for ECFN, Min denoteshecasewhere
the auxiliary variablesand the input variableare mixedto
reducethe BDDs.

6 Summary

In this paperwe presentedour differentmethodgo rep-
resentmultiple-outpua functionsby usingBDDs. We com-
paredthe sizesand averageevaluationtime of the BDDs.
We experimentallyshaved that BDDs for ECFNsrequire
fewer nodesand requirerelatively shorttime to evaluate
logic functions. A future researchareaincludesefficient
methodto find goodencodinggor ECFNs.
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Table5.1: Averagenumberof nodesandevaluationtime of
decisiondiagrams.

Name |In{Out| MTBDD BDD for SBDD*™ BDD for
CE ECFEN
Nod [ Eva| Nod | Eva [Nod| Eva | Nod| Eva

apex1l (45| 45 942
apex3 (54| 50 537
duke2 (22| 29 662
e64 65| 65 131
exep |[30| 63| 1170
k2 45| 45 929
mainpla 27| 54 632
markl 20| 31| 4138
misex2 25| 18 118
opa 17| 69 241
pdc 16| 40| 19178
rekl 32| 7 65

3594 76.3|1324/269.8 1087| 31.8
2449 81.6| 986(286.6 708| 28.2
997| 49.9| 366(150.3] 346| 22.5
260| 99.5| 194(256.0 194|256.0
3030/102.3 675|255.7|] 660| 38.0
3594 76.3|1321/269.8 1167| 29.1
3114) 85.2|1857|277.51018) 49.2
745| 52.9| 119(115.7| 117/109.2
184| 31.9| 100 75.6| 98| 18.9
1778 107.9 428(322.2| 364| 37.8
5852 70.2| 596|215.4 590|181.1
135| 12.5| 198/100.6f 67| 4.8

seq 41| 35 378 1197| 55.8/1284/168.0 493| 28.2
shift 19| 16/196095 1 3746 39.5| 78| 86.0] 62| 55.0
spla 16| 46| 11100 7522 78.1] 628(226.6 604 99.9
t2 17| 16 304 484| 31.7| 145| 72.9| 140| 44.9
table5 |17| 15 436 677| 30.5 685(114.1] 476| 10.6
ts10 22| 16|589837 589824 31.5| 163| 88.0] 83| 14.5
vg2 25| 8 420| 1 471) 23.8] 90| 48.9] 82| 45.7

xldn (27| 6 214
x6dn (39| 5 195
x9dn (27| 7 292

245| 21.2| 139| 41.0| 139| 41.0
225| 11.6| 235| 41.2| 193] 13.4
237| 20.3| 139| 50.4| 139| 50.4
xparc (41| 73| 3844 47731113.111947|304.8 1232 21.8

N
OCPrORPUNTONOUTWNO RO DONND OO
O DoUoUNUIWONMNPORNDRORD®

w
o))

Ratio 271.30.072| 162.5 0.36| 1.0/ 1.0 0.81 0.41
Nod: Numberof terminalandnon-terminaodes

Min: Whentheauxiliary variablescanbe anyplace

Eva: Averageevaluationtime

Ratio: Averageof ratioswhenthevaluefor SBDDis 1.0
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