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Abstract—A multiple-valued input decision function is a map-
ping f: P" — {0,1}, where P = {0,1,...,p — 1}. This paper
considers the learning of such a function. That is, given the
TRUE-set T' C P™ and the FALSE-set /' C P", obtain a function
f such that f(a@) =1 for any @ € T, and f(b )*OforanybeF
We show a method to find a function such that f depends on the
least number of variables. Applications of such functions include
detection of poisonous mushrooms, hepatitis and breast cancer.

Index Terms—data mining, logic minimization, machine learn-
ing, monotone increasing function, multi-valued logic, partially
defined function, support minimization.

I. INTRODUCTION

Given two disjoint sample sets, we seek a simple rule to
distinguish them. Such a work is the main goal of machine
learning and data mining. Occam’s razor argument [2] uses
a simple rule: Given two explanations of the data, all other
things being equal, the simpler explanation is preferable [1].
Simpler rules are more understandable and more efficient to
apply.

As for the complexity of the rule, various measures exist:
The number of the nodes in a decision tree [12], [20], [21];
the number of the products in a sum-of-products expression
(SOP) or a disjunctive normal form (DNF) [7]; the number
of the clauses in a product-of-sums expression (POS) or
a conjunctive normal form (CNF) [27]; the number of the
variables to represent the rule, etc.

In this paper, we minimize the number of variables to
represent the rule. The rest of the paper is organized as follow:
Section II discusses definitions used; Section III shows a
method to reduce the number of variables to represent the
function; Section IV shows a method to make a consistent
training set for monotone increasing functions; Section V
shows an application to detect poisonous mushrooms; Sec-
tion VI shows an application to determine the prognosis of
someone who has hepatitis; Section VII shows an application
to detect breast cancer; and Section VIII concludes the paper.

Terminology of this paper are based on [13], [22], [25], [27].
Note that the terminology of data science is different from
that of logic design. For people working in logic design, the
following translations are useful: A partially defined function
corresponds to an incompletely specified function. Training
data corresponds to a specification of a design. Removal of
inconsistency does not exist in logic design, since in logic
design the specifications are assumed to be consistent and
correct.

II. DEFINITIONS

Definition 2.1: A multiple-valued input decision function is
a mapping f : P® — B where P = {0,1,...,p — 1} and
B ={0,1}.

Definition 2.2: A pair of subsets (T, F') such that T C P™,
F CP" and TNF = ¢ is training data. If TU F' C P",
then the pair is a partially defined function. If T"U F' = P",
then the pair is a totally defined function.

Definition 2.3: For a partially defined function (7, F), a
function f satisfying

T(f)2T and F(f) 2 F
is an extension of (7', F'), where

T(f) = {aeP"|f(@)=1},

F(f) {b € P"|f(b) =0}

Learning of a function is to find an extension f of (T, F).
Example 2.1: Let

T={(220,1),(2,1,1,2)},

F= {(17 1) 07 1); (07 1; 17 2)};

and

be training data. Then, the function f, where

T(f) ={(2, %% %)},
F(f) = {15, 5%,%), (0, 5,%, %)}

is an extension of (7, F'). Note that * denotes 0, 1 or 2. m

Definition 2.4: [22] f is monotone increasing if f(d) >
f(b) for any @, b € P™ such that @ > b.

Definition 2.5: Let P = {0,1,...,p — 1}. Let X be a
variable that takes its value from P = {0,1,...,p — 1}.
Let S C P, then, X° is a literal of X. When X € S,
X% =1, and when X ¢ S, X% = 0. Let S; C P for
i=1,2,...,n, then X;°1X5%2... X, 5" is a logical prod-
uct. \/ (81,55,.. Sn)XlleQSz - X,%" is a sum-of-products
expression (SOP). When S = P, X5 = 1 and the literal is
independent of X. In this case, the literal X P is redundant
and can be deleted. When |S;| =1 (i = 1,2,...,n), a logical
product corresponds to an element of the domain. This product
is a minterm of f. When S; =P (i = 1,2,...,n), the logical
product corresponds to the constant 1.

An arbitrary multi-valued input decision function is repre-
sented by an SOP. Many SOPs exist that represent the same
function. Among them, the one with the minimum number of
products is the minimum SOP (MSOP).

and



TABLE 2.1
RESULT OF MEDICAL TEST.

X3 Xo X3
2 1 1
T 1 2 1
1 1 2
1 0 0
F 0 1 0
0 0 1
TABLE 2.2

VARIABLES SHOWING THE RESULTS OF ENTRANCE EXAMINATION.

Variable Subject
X1 Physics
X Mathematics
X3 English

Example 2.2: Consider T and F' shown in Table 2.1. It
represents a multi-valued input decision function, where f :
P3 — B, P ={0,1,2} and B = {0, 1}. X; takes three values,
where ¢ = 1,2,3. T can be represented by [22]

o= xBx,Wx 0y x, (1 x, 2 x, (1
V. Xl{l}Xg{l}X3{2},
while F' can be represented by
fr = XM x, 0 x, 100y x, (0 x, 11} x, {0}
vooX, 0 x, 10 x, 0

Monotone increasing extensions of (T, F') include

f3 = X, 2 x, 12 x (2 x {02 x, 28 x {12}
V. X1{1’2}X2{1’2}X3{2},

fi = X1{1’2}X2{1’2}X3{1’2}7

fs = X, 2 x, {12y )(2{172})(3{172}7
V )(1{1’2})(3{1’2}7 and

fo = XX,

L]

Example 2.3: In Table 2.1, assume that each component of
a point @ shows the result of one of three entrance examina-
tions shown in Table 2.2. T shows the set of students who
passed the examination, while F' shows the set students who
failed the examination. The larger the value of a component,
the more likely the student passed the examination. Thus, the
function can be considered as monotone increasing.

Prof. A recommends to use f3 as the requirement to pass
the examination. However, Prof. B recommends to use f;
as the requirement to pass the examination. For Prof. B,
the students with the result (1,1,1) pass the examination.
Prof. C' recommends to use f; as the requirement to pass
the examination. For Prof. C, the students with the scores
(0,1,1),(0,1,0) or (1,1,0) also pass the examination. Prof.
D recommends to use fg as the requirement to pass the
examination. In this case, the result of English (X3) is not
used for the decision. |

Definition 2.6: For a subset U C P™ and S C
{1,2,...,n}, we denote by Uls the projection of U to S.

TABLE 2.3
EXAMPLE FOR SUPPORT REDUCTION.

X1 X2 X3 X4

T | a | 1 2 0 I
| o 1 1 2
Flbo | 1 1 0 1
by | O 1 2 2

In other words, U|s = {d|s}, where @|s is the point obtained
from @ € U by considering only those components a; with
jes.

Example 2.4: Let P = {0,1,2} and n = 4. Let U =
{(1,2,0,1),(0,1,1,2),(2,0,1,2)} and S = {2,3}. Then, we
have U|S:{(*’27O’*)7 (*’171’*)7 (*’071’*)}' un

We are interested in finding a function f depending on the
least number of variables.

Definition 2.7: Given a partially defined function (T, F)
with T,F C P", a subset S C {1,2,...n} is a support
set! if T|s N F|s = ¢. In such a case, all variables z;,j € S
are redundant because (T'|s, F'|s) does not depend on them.

Example 2.5: Let (T, F') be the function in Table 2.3. Then,
S = {2, 3} is a support set, since T'|gN, F|s = ¢, where

T|s = {(*,2,0,%),(,1,1,%)} and
F|S = {(*71507*)5(*71527*)}-
In this case, the function is represented by the expression:
f= X2{072} V. X2{1}X§1}
where

T(f) = {(*7 Oa *, *)a (*7 2; *, *)’ (*7 1; ]-7 *)} 2 T|S,
F(f) ={(x,1,0,%), (x,1,2,%)} 2 Fls,
and * denotes either 0, 1, or 2. [
In the next section, we show that {2,3} is the minimum
support set.

III. MINIMIZATION OF VARIABLES

In this part, we show a method to minimize the number of
variables in the support set.
Definition 3.1: Let

cz = (a1,a2,..., a , Q)
b = (b17b27"'a bia 7bn)
be vectors such that @ € T and b € F. For some i and for any
j € {1,2,...,n}, if there exist a pair of vectors (a, 5) such
that
for j#4, a; =05, and
for j=1, a; #by,

then the function (7', F') depends on X;.
Example 3.1: Let (T, F') be a function shown in Table 2.3.
The function depends on X5, since
@ =(1,2,0,1)eT and
by = (1,1,0,1) € F.

'In data mining theory, support set is used to mean something else.



The function also depends on X3, since
a;=(0,1,1,2) € T and
by =(0,1,2,2) € F.
(]
The following algorithm is an extension of two-valued cases

[8], [14], [15] to multi-valued cases [23], [24], [25].
Algorithm 3.1: (Minimization of Variables)

1) For each pair (@,b) such that @ € T and b € F, make a

clause .
C(@b)=zVzaV-Vz,,
where )
b — 0 if a; = bj
7 Yi if aj 75 bj.

2) For all the pairs (@,b) in @ € T and b € F, make the
product of the clauses.

R= A\ C(@b
(@)
3) Covert the expression of R into a sum-of-products, and

simplify it. A product with the fewest literals corre-
sponds to a minimum support set.

Example 3.2: Consider the function (7, F) in Table 2.3.
This function appears in Examples 2.5 and 3.1.

1) The set of clauses are:

Clanb) = v,

0(517132) = 1 Vy2VysViy,
C(&g,lil) = Y1 Vys Vg, and
C(C_ig,bg) =  Y3.

2) Forming the product of all the clauses yields

R=y2(sn Vy2VysVys)(yi VysVys)ys.

3) The simplified expression is R = y2ys.
4) The minimum support set is {2, 3}.
(]

Theorem 3.1: If the function f depends on X;, then any
support set of f contains 7.
(Proof) If a support set do not contain i, then there are no
vectors @ and b such that f(@) # f(b) and & = @ @ b. This
means that f do not depend on z;. a

Example 3.3: Consider the function (T, F') shown in Table
2.1. Note that this function appeared in Examples 2.2 and 2.3.

1) The set of clauses are:

C(al,bl) Y1V y2Vys,
C(GJI;Z_)?) = y1Vys,

0(51,93) = 31 Vya,

C(az,b1) = y2Vuys,

C(d2,b2) = y1Vy2Vuys,
C(@,é:s) = y1Vya,

0(53,91) = Y2 Vys,

C(d’g,l_)?) = 1 Vys, and
C(@’g,bg) Y1 \/yg \/yg.

2) By making the product of all the clauses, we have

R = (y1Vy2Vys)y Vys)(y Vyz)

(Y2 Vys)(y Vy2 Vys)(yr Vye)
(y2 Vys)(y1 Vys)(y1 Vyz Vys).

3) The simplified expression is

R =y1y2 V y2u3 V 1193

4) The minimum support sets are {1,2}, {2,3}, and {1, 3}.
5) Thus, any two variables out of the three are necessary
to distinguish 7" from F'.

IV. TRAINING DATA THAT SHOULD SATISFY MONOTONE
INCREASING PROPERTY

Assume that the data has the monotone increasing property.
However, real data often contain inconsistent instances?. Such
instances must be removed from the training set,

Theorem 4.1: Let T, F C P" and TUF = ¢. Then, (T, F)
has a monotone increasing extension iff there is no pair (d, 5),
where @ € T, b € F, and @ < b. In such a case (T, F) is
consistent.

(Proof) Suppose that (T, F') has a monotone increasing exten-
sion (T4, Fy), then @ > gforany aeT CTy andb e F C Fi.
So, there is no pair (@, b) such that @ < b.

IfGdeTand b€ F and @ < b, then any extension (77, F})
of (T, F) has the property that @ € T C T} and be FCF,.
This means (7', F') has a non-monotone property, and has no
monotone extension. O

Example 4.1: Consider the vectors in Table 4.1. Assume
that the sets have the monotone increasing_property. Then,
there should be no pair (@, b) such that @ < b.

Note that Table 4.1 contains four conflicting pairs:

as < 51,
as < 52,
a, < 53,
as < 53.

and

We want to remove the fewest vectors to make the sets

consistent. How do we do that? If we remove d3 and 53, then

the sets become consistent. [ ]
Algorithm 4.1: (Removal of Conflicting Instances)

D Ifa; < l;j, then make a clause
C(Z,j) =a; V bj.
2) For all the clauses, make the product:
R= A C(.j).
(@:,65)
3) Convert R into the sum-of-products expression.

4) A product with the fewest literals corresponds to a
minimum solution.

’Data may have some error due to the variations in the measurements
obtained by using different instruments in different laboratories.



TABLE 4.1
FUNCTION TABLE INCLUDING INCONSISTENT INSTANCES.

X1 X2 X3 X4

@ | o0 0 2 I
T|d | 0 0 1 2
s | 1 1 0 0
@ | 2 2 2 2
b | 2 1 0 0
Flb | 1 2 0 0
b3 | 0 0 2 2
ba | O 0 0 0

For this problem, a more efficient algorithm exists®. How-
ever, we use Algorithm 4.1, since it uses the same routine as
Algorithm 3.1, and also it is fast enough for this problem.

Example 4.2: Let us remove inconsistencies from Table 4.1.
This table has four conflict.

1) We have four clauses:
a3V by, asVba, a1V bs, asV bs.
2) By multiplying the clauses, we have the product:
R = (a3 V b1)(ag V ba)(a1 V bs)(az V bs).

3) By converting R into the sum-of-products expression,
we have:

R = (ag V blbg)(alag V bg)
= ajasasz V aszbs V ajasbibs V bibabs.

4) asbs is the product with the fewest literals.
5) Thus, the conflicts can be removed by deleting a3 and
b3. This is the minimum solution.

]

Example 4.3: By removing a3 and bs from Table 4.1, we
have consistent sets. A monotone increasin% extension of the
resulting table is: f = X{H x {2y x {02 x 2 -

V. MUSHROOMS

This data set includes descriptions of hypothetical samples
corresponding to 23 species of gilled mushrooms in the
Agaricus and Lepiota Family [19]. Each species is identified as
definitely edible, definitely poisonous, or of unknown edibility
and not recommended. This latter class was combined with the
poisonous class.

The number of the instances is 8124. Among them, 2480
are incomplete, so they were removed. The remaining 5644 in-
stances consists of 3488 edible and 2156 poisonous instances.
The number of the variables is 22. Domains of variables range
from 2 to 12. The function takes two values: Poisonous (1)
and Edible (0). Thus, the function is:

P1 X Po XX Pay— B,
where P; = {0,1,...

(5.1)
,pi — 1} and

31t can be formulated as a minimum vertex cover problem. Since the graph
is bipartite, it can be solved in a polynomial time [3].

p1=6, p2=4, p3=10, ps=2, p;=09,
Pe = 4; b7 = 37 ps = 2; b9 = 12; P1o = 2;
p11 =6, pi2=4, piz=4 pua=9, p;s=9,
pie =2, pir=4, pis=3, p9=28, pxp=29,
p21 =6, pa=T.

A. Multi-Valued Method

Our minimization programs found an expression represent-
ing poisonous mushrooms consisting of only three variables:

Poison — X5{2’3’4’5’7} V. X;?’LZB’S]X;QLS} v Xé{ll’4}X§g’2’5}7

where

o X5 denotes odor: almond (0), anise (1), creosote (2), fishy
(3), foul (4), musty (5), none (6), pungent (7), spicy (8);

e X denotes population: abundant (0), clustered (1),

numerous (2), scattered (3), several (4), solitary (5); and

o X denotes habitat: grasses (0), leaves (1), meadows (2),

paths (3), urban (4), waste (5), woods (6).

This expression covers the all the poisonous mushrooms in
the training set, while none of edible ones. However, it also
covers mushrooms not in the training set. To minimize the
number of variables, we used Algorithm 3.1. To simplify the
multiple-valued expression, we used MINI2 [22], which is an
improved version of MINI [11].

B. Two-Valued Method

Boros et. al. [5] solved this problem by a two-valued ap-
proach. They represented the data set by two-valued variables.
In this case, each nominal value of each multi-valued variable
was transformed into one two-valued variable that takes value
1 if and only if the original variable takes the chosen nominal
value. Thus, the total number of two-valued variables is

22
> pi =125,
i=1

where p; appeared in (5.1). By minimizing the number of vari-
ables, they represented the function by 6 two-valued variables

[5]:

Y4 . bruises=no (0)

Ys : odor=none (6)

U8 . gill-size=broad (0)
y11 - stalk-root=bulbous (0)

Y20 spore-print-color = white (7)
Y22 habitat=woods (6)
Here,
ys =1 if and only if X, =0,
if and only if X5 =6,

ys =1
e and
Yoo =1 if and only if Xy = 6.

Note that in the case of multi-valued variables, only three
variables are necessary. Also, in the case of two-valued vari-
ables, the problem is to find 6 variables out of 125 variables,
while in the case of multi-valued variables, the problem is
to find 3 variables out of 22 variables. So, we can find an



exact minimum solution much faster in the case of multi-
valued variables. Thus, to distinguish poisonous mushroom,
the multi-valued approach is more convenient than the two-
valued one.

VI. HEPATITIS

This data set has 13 two-valued variables and 6 numerical
variables [10]. As for the the numerical variables, 6 to 10 cut
points are used to make multi-valued variables.

o« X7 AGE: 10, 20, 30, 40, 50, 60, 70, 80

e X5 SEX: male, female

o X3 STEROID: no, yes

o X4 ANTIVIRALS: no, yes

+ X5 FATIGUE: no, yes

o Xg MALAISE: no, yes

o X7 ANOREXIA: no, yes

o Xg LIVER BIG: no, yes

¢ X9 LIVER FIRM: no, yes

o Xj0 SPLEEN PALPABLE: no, yes

e Xji1 SPIDERS: no, yes

o X155 ASCITES: no, yes

o X33 VARICES: no, yes

e X714 BILIRUBIN: 0.39, 0.80, 1.20, 2.00, 3.00, 4.00

e X5 ALK PHOSPHATE: 33, 80, 120, 160, 200, 250

e Xy SGOT: 13, 100, 200, 300, 400, 500,

o« X7 ALBUMIN: 2.1, 3.0, 3.8, 4.5, 5.0, 6.0

o X153 PROTIME: 10, 20, 30, 40, 50, 60, 70, 80, 90

e X719 HISTOLOGY: no, yes
The function value is (Die, Live). Incomplete instances are
deleted to obtain 80 complete instances: |T'| = 67, |F| = 13,
where T corresponds to Live, and F' corresponds to Die.

A. Multi-Valued Method

By using Algorithm 3.1, we have the following minimum
set:
{ X1, X15, X17, X18}-

B. Two-Valued Method

Boros et. al. solved this problem by a two-valued approach
[5]. They obtained the data set with 46 two-valued variables.
They minimized the number of variables using two heuristic
methods. The first one produced a solution:

X4 = (DO, }’CS)7 Xll = (IIO, Yes), X13 = (DO, yes)7
Xi5 > 120, X5 > 200, Xis > 50,
X19 = (no, yes).

The second one produced a solution:

X1 > 40, X711 = (no, yes), X4 > 1.20,
Xi5 > 120, X8 > 40, Xis > 50,
X19 = (no, yes).

The multi-valued approach requires only four variables, while
the two-valued approach requires 7 variables. Also, in the case
of two-valued variables, the problem is to find 7 variables out
of 46 variables, while in the case of multi-valued variables, the
problem is to find 4 variables out of 19 variables. So, in the

case of multi-valued variables, we can find the exact minimum
solution in a short time. Thus, the multi-valued approach is
more convenient than the two-valued approach.

VII. BREAST CANCER

In this section, as an example of monotone increasing
functions, we consider the case of breast cancer. In breast
cancer diagnosis, characteristic of individual cells, obtained
from a minimally invasive fine needle aspiration, are used to
discriminate benign from malignant breast lumps. This allows
an accurate diagnosis without the need for the surgical biopsy
[17]. The data used for this analysis comes from Dr. William
H. Wolberg [16] of the University of Wisconsin Hospitals,
Madison [6].

The dataset consists of 699 instances: 458 benign and
241 malignant. It includes 16 incomplete instances, so the
remaining 683 are complete. Among the latter, 444 are benign
and 239 are malignant. The data has 9 variables, each variable
has integer values between 1 and 10. The two-valued output
indicates the benign or malignant nature of the tumor. Thus,
the function represents P; X Py X -+ X Py — B, where
P; = {1,2,...,10}. For each variable, smaller values tend
to imply benign, while larger values tend to imply malignant:
the decision function is monotone increasing.

A. Multi-Valued Method

In the data set, the number of conflicting pairs is only 18
among all 444 x 239 = 106116 pairs [18]. We removed
the minimum number of vectors so that the resulting data
set became consistent. By using Algorithm 4.1, we made a
consistent training set: We removed 2 benign and 4 malignant
instance vectors*. The resulting data set (i.e., training set)
has 677 instances: 442 are benign and 235 are malignant.
The minimum number of variables to represent this data set
is four: {X1, X5, X¢, Xg}°. By simplifying the expressions
using monotonicity[22], we had 25 benign and 232 malignant
instances. Then, by minimizing the number of variables, we
had:

{le X47 X5; XGv X7; XSv XQ}

Thus, when we assume the monotone property, we need to
check seven variables out of nine. From this, given an instance,
we may decide whether it is benign or malignant. For some
cases, we cannot decide, and we describe these as unclassified.
To minimize the number of variables, we used Algorithm 3.1.

B. Two-Valued Method [5]

Boros et. al. solved this problem by a two-valued approach.
To represent a 10-valued variable, 9 two-valued variables are
used. That is, for each multi-valued variable, a cut-point is
placed between every two consecutive integer values. For
example, the two-valued variable “zo > 2.5 takes values 1 if
the value of x5 is equal to or greater than 2.5, and 0 otherwise.

4The minimal solution is not unique. Our solution is different from the that
of [18], since our algorithm is different.

SFor unseen instances, the decision using monotone property is not per-
formed.



Thus, in total, the data set is represented by 9 x 9 = 81 two-
valued variables.

By minimizing the number of variables, they obtained the
following results [5]:

(@ X,>25 Xg>35 X;>45 X;>6.5,
X3 >45, Xg>25 Xi4>25 Xg> 8.5,
X, >45, X3>35 Xs>5.5.

) X;>45, X;>65 Xo>25 X3>3.5,
X3>45, X4>15, X4>25 Xs>3.5,
X6 >35 X¢>T75 X7>45 Xg>2.5.

Note that (a) requires 11 two-valued variables, while (b)
requires 12 two-valued variables. The multi-valued approach
requires only seven variables. Also, in the case of two-valued
variables, the problem is to find 11 variables out of 81
variables, while in the case of multi-valued variables, the
problem is to find 7 variables out of 9 variables. Thus, in
the case of multi-valued variables, we can obtain an exact
minimum solution in a short time. Thus, the multi-valued
approach is more convenient than the two-valued one.

VIII. CONCLUSION AND COMMENTS

This paper presents a method to minimize the number
of variables for multi-valued input partially defined decision
functions. Major contributions are as follows: We

e Minimized the number of variables for a poisonous
mushroom data set; hepatitis data set, and breast cancer
data set.

o Compared the multi-valued approach with the two-valued
approach, and showed the usefulness of the multi-valued
approach.

In the past, these problems were solved by two-valued tools
[4], [9], [27]. However, for the functions with multi-valued
inputs, the direct reduction of multi-valued variables is more
convenient and efficient.

For medical applications, the method must be understand-
able and explainable. Our method can provide simple reasons
for the decision. Our explanation should be obvious for
doctors, patients, hospitals, insurance companies, the pharma-
ceutical industry, and various government agencies involved
in health care [9]. This is different from other methods such
as neural nets, where the explanation for the decision is hard.
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