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Abstract—The asymmetry of a function f(z1,z2,...,z,) is the
fewest elements of the range of f that must be changed so that
f becomes a symmetric function. The functions with maximal
asymmetry for the case of r-valued n-variable functions have
been characterized and counted for » = 2 in two previous papers.
In this paper, we extend these results to » > 2. We do this for two
types of symmetry, functions whose value is unchanged by 1) any
permutation of the variable labels and by 2) any permutation of
variable labels and variable values. We also derive the maximum
possible asymmetry. We show that, as n — co and r is fixed, the
maximum asymmetry approaches (r — 1)r"" ",

Index Terms—Asymmetric functions, maximally asymmetric
functions, multiple-valued, symmetric functions, v-symmetry, vv-

symmetry, partitions of integers, characterization and count

I. INTRODUCTION

The asymmetry of a function f is the minimum number
of function values that must be changed so that f becomes a
symmetric function. All symmetric functions have asymmetry
0. We are interested in the set of functions that are maximally
asymmetric. Maximally asymmetric functions share an impor-
tant property with random functions. Namely, the distributions
of the function values of maximally asymmetric functions and
random functions are similar [4]. One result of this is that we
can take a random function, change relatively few function
values, and produce a function that is maximally asymmetric.
This is interesting because both symmetric functions and
random functions are prominent in benchmark applications for
the evaluation of circuits and algorithms. Maximally asymmet-
ric functions share properties with pseudo random functions
(PRFs) [2], [5]. Such functions are essential to crypto-systems
and have found application in message authentication systems,
distribution of unforgeable ID numbers, dynamic hashing, and
friend-or-foe identification [6].

Similarly, bent functions serve as a substitute for random
sequences. They are useful in the creation of additional chan-
nels in synchronous code-division multiple-access (CDMA)
systems that employ Walsh sequences for spreading informa-
tion signals and separating channels [11]. On the other hand,
binary bent functions have a pallid distribution by weight;
among all binary bent functions, there are only two weights,
2(n=1) 4 2(3-1)  Maximally asymmetric functions, on the
other hand, have a distribution that is more like random
functions, as shown for binary functions in Fig. 1 [10].
Also, bent functions are hard to generate, unlike maximally
asymmetric functions.

Tsutomu Sasao
Department of Computer Science
Meiji University
Kawasaki-shi, Kanagawa-ken, 214-8571 JAPAN
Email: sasao@ieee.org

1 T T T T

o,sﬂi n=2
gu &"s\ 10 15 20 25 30 25 40
- Maximallyn_3 |
5 < Asymmetric ~
= 00 5 1y 15 \20 25 30 35 40
g 4 T 4 T y T T T
2ot \n\= 4 )
g % 5 0 15 2 5 ) 3 a0
10 : \/“1 : : b . ‘
= Bent
I . L I . L
zzo s 10 15 2 2 %/ N\ {.r; ]
10 ol
n=6 I iiIII I
00 é 1‘0 1‘5 2‘0 ZIS 30 35 40

Fig. 1: [10] Distribution of Binary Maximally Asymmetric and
Bent Functions By Weight

This paper extends three papers. It extends [3], which counts
two kinds of multiple-valued symmetric functions; functions
that are unchanged by a 1) permutation of variable labels or by
a 2) permutation of variable labels and variable values. This
paper also extends [7], [10], which count binary maximally
asymmetric functions. In this paper, we count multiple-valued
maximally asymmetric functions, and we do it for the two
kinds of symmetry. As a further justification for the study of
multiple-valued functions, we note that quarternary functions
have been used in the analysis of quadrature phase shift keying
CDMA-type applications [1], [9], [11].

II. DEFINITIONS

An n-variable r-valued function f is a mapping from the
n dimensional vector space F” = {0,1,...r — 1}" into the
r-element field F,..

Definition 1. A function is v-symmetric (variable-symmetric)
if it is unchanged by any permutation of variable labels. A
function is vv-symmetric (variable/value-symmetric) if it is
unchanged by any permutation of the variable labels and any
permutation of the variable values [3].

Example 1. Table I shows two 3-variable 3-valued functions,
f1 and fo. Here, f1 is v-symmetric but not vv-symmetric, while



fo is vw-symmetric (and also v-symmetric). ]

TABLE 1. Examples of
v-Symmetric (f;) and vv-
Symmetric (f2) Functions

[z1 @9 a3]|fr f3][fo fa]
0 04 1 0

TABLE II: The alpha vectors
of f; and f, from Table I.

[

[V

fao o1 a2 fi f

30 01 0
2 1 0 2 1
2 0 101
1 2 01 1
1 1 10 2
1 0 22 1
0 3 01 0
0 2 111
0 1 221
0 0 320

TABLE III: The beta vectors
of fy from Table I.
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Definition 2. A v-symmetric function is specified by the
function values associated with alpha vectors, j, =
(o, 01, ... ,0p_1), where «; is the number of variables that
have logic value i, where Z:;Ol a; =Mn.

Example 2. Shown in Table Il are the alpha vectors of
functions f1 and f5 from Table I |

Definition 3. A vv-symmetric function is specified by
the function values associated with beta vectors =
(Bo, B1,s---,Br_1), where By is the number of variable values
that are the most polific, By is the number of variable values
that are the next most prolific, etc., and where Z:;ol B; =n.
Here, n > 3o > 51 > ... > Br_1 > 0, and if two alpha
vectors are permutations of each other, there is exactly one
corresponding beta vector, the lexicographically highest alpha
vector. Each beta vector represents an integer partition on n
with r or fewer parts.

Example 3. Shown in Table III are the beta vectors of function
fo from Table 1. |

Example 4. In this case of r = 2, a v-symmetric function
is specified by n + 1 function values, while a vv-symmetric
function is specified by L”THJ function values. For r = 2 and
n = 2, there are eight v-symmetric functions, f = 0, x1xo,
T1 D xo, 1 V X9, and their complements, and there are two
vv-symmetric functions, f = x1 ® xo, and its complement. ®

Definition 4. The v-asymmetry of a function f, denoted by
v_asym(f), is the minimum number of truth table entries that
must be changed to convert f to a v-symmetric function; that
is,

v_asym(f) = d(f,Sy) = min{d(f, s)|s € S, },

where S, is the set of n-variable v-symmetric functions and,
d is the Hamming distance function.

Definition 5. Similarly, the vv-asymmetry of a function f,
denoted by vu_asym(f), is the minimum number of truth table
entries that must be changed to convert f to a vv-symmetric
function; that is,

vo_asym(f) = d(f, Svy) = min{d(f, s)|s € Suv},

where Sy, is the set of n-variable vv-symmetric functions, and
d is the Hamming distance function.

Definition 6. A maximally v-asymmetric function [ has
the maximum v-asymmetry among all n-variable functions. A
maximally vv-asymmetric function f has the maximum vv-
asymmetry among all n-variable functions.

Example 5. fs is maximally v-symmetric because it has v-
asymmetry 16, which, we know is maximum among 3-valued,
3-variable functions. f, is maximally vv-symmetric because
it has vv-asymmetry 18, which, we know is maximum among
3-valued, 3-variable functions. ]

III. THE NUMBER OF SYMMETRIC FUNCTIONS

Lemma 1. [3] The number N,(n,r) of r-valued n-variable
v-symmetric functions is
'rL+7'71)

Ny(n,r) = P ,

1
where ("jﬁ;l) is the number of ways to choose r objects from

n with repetition.

From this, we can conclude that the number of function
values needed to completely specify a v-symmetric functions

is ("jﬁ;l) one for each element of the alpha vector.

Lemma 2. [3] The number Ny, (n,r) of r-valued n-variable
vv-symmetric functions is

Nyy(n,r) = Tp(mr;n)’

2)

where p(o,r;n) is the number of partitions of n with r or
fewer parts and with no part greater than o.

From this, we can conclude that the number of function
values needed to specify completely vv-symmetric functions
is p(n,r;n), one for each element of the beta vector.



Example 6. The third and fourth columns of Table V show the
number of r-valued n-variable v-symmetric and vv-symmetric
functions, respectively, for 2 < n < 8 and 2 < r < 6. This
occurs in the columns labeled #v-S and #vv-S, respectively. For
larger values of n and r, there are many more v-symmetric
functions than there are vv-symmetric functions. ]

IV. CHARACTERIZATION OF MAXIMALLY V-ASYMMETRIC
AND MAXIMALLY VV-ASYMMETRIC FUNCTIONS

A. Maximally v-Asymmetric Functions

In determining the v-asymmetry of a given function f, we
start by partitioning the vectors according to the assignment
of values to the variables. For example, consider function f;
in Table I. Since f; is v-symmetric, f; has the same value
(2) for zyzox3 = 001, 010, and 100, for example. A critical
observation is that these three assignments contribute a value
to the maximum v-asymmetry of f; that is independent of all
other assignments. The contribution to the v-asymmetry of a
maximally v-asymmetric function occurs when the values of
the function for x;xox3 = 001, 010, and 100 are uniformly
distributed across all three logic values, since this maximizes
the minimum distance to a v-symmetric function. In this case,
a uniform distribution occurs with one 0, one 1, and one 2,
and creates a distance contribution of 2. The following theorem
extends the result in [7], [10] to general r-valued functions,
where r > 2. Here, we characterize maximally v-asymmetric
functions.

Theorem 1. An n-variable r-valued function f is maximally
v-symmetric if and only if the logic values of f are uniformly
distributed across all assignments of values to variables that
correspond to the same alpha vector component.

An important observation about maximally asymmetric
functions is that each alpha vector contributes a part of the total
asymmetry in a sum across all alpha vectors. From this and
Theorem 1, we can compute the v-asymmetry of maximally
v-asymmetric functions.

Theorem 2. Let Zl be the i-th alpha vector of a functionf,
and A; the number of assignments of values to variables
corresponding to A;. Then, a maximally v-asymmetric n-
variable r-valued function has v-asymmetry ©,(n,r), where

(" {Air ; 1J.

Ou(n,r)= >

i=1
Example 7. The fifth column of Table V shows, in bold,
O,(n,r), for2<n<8and 2 <r <6. [ ]

3)

B. Maximally vw-Asymmetric Functions

Theorem 3. An n-variable r-valued function f is maximally
vv-asymmetric if and only if the logic values of [ are uniformly
distributed across all assignments of values to variables that
correspond to the same beta vector.

From this, we can compute the vv-asymmetry of maximally
vv-asymmetric functions.

Theorem 4. Let gi be the i-th beta vector, and B; the number
of assignments of values to variables corresponding to b ;.
Then, a maximally vv-asymmetric n-variable r-valued function
has vv-asymmetry ©.,(n,r), where

prm) |
@vv(n7 T) = Z \‘Bl r J 3

=1

“4)

where p(n, r;n) is the number of partitions of n with no more
than r parts.

Example 8. The sixth column of Table V shows, in bold,
Oup(n, 1), for 2<n <8and 2 <r <6. [

Along with ©, and ©,,, Table V shows, also in bold,
the maximum possible distance between n-variable r-valued
functions, as ‘Max.’, in the seventh column. This is ", the size
of the truth table, which corresponds to a different function
value for every assignment of values to the variables. The data
shows that, as n — oo and r is fixed, © — %r”. We can
show this analytically, as follows.

Consider the case of ©,(n, ), as given in (3). The case for
Oy (n,r) is similar. The sum in (3) enumerates all possible
A;, assignments of values to the variables. Each contributes in
proportion as L%j When n is large and r is fixed, the floor
function has negligible effect, and the proportion is close to
%1. This outlines the proof of the following.

Theorem 5. Let O,(n,r) and ©yy(n,r) be the maximal v-
asymmetry and vv-asymmetry, respectively, among n-variable
r-valued functions. Then,

Ou(n,r) = (r—1)r" ! and Oy (n,r) = (r — )r" "1, (5)
as n — oo and r is fixed.

It is interesting to compare the maximal asymmetry associ-
ated with binary asymmetric functions and the “bent” distance
associated with binary bent functions. Substituting » = 2 into
(5) yields the maximal asymmetry associated with both v-
symmetric and vv-symmetric binary functions as 2" ! in the
limit as n — oo. This is the minimum of the distance between
v-symmetric and vv-symmetric functions and v-asymmetric
and vv-asymmetric functions, respectively. The minimum of
the distance between affine functions and bent functions is
the “bent” distance 2"~ — 2% ~!. This is less, but approaches
2n=1l as n — oo. That is, for large n, both distances are
nearly the same. Indeed, they are both approximately one-
half the maximum distance between two functions that are
the complement of each other.

V. COUNT OF THE MAXIMALLY V-SYMMETRIC AND
MAXIMALLY VV-SYMMETRIC FUNCTIONS
A. v-Asymmetric Functions
Theorem 6. The number of n-variable r-valued v-asymmetric
functions Ny(n,r) is
7l Al <
= R)R! Q)@

Ny(n,r) = H

p(n,rin)
[ (6)



where

1) n is the number of variables and r is the number of
values,

2) p(n,r;n) is the number of partitions on n with r or
fewer parts,

3) G; is the number of groups associated with the
i-th partition. Specifically, if the i-th partition is
nMn . 2M21™ where j™ is a part of size j and m;
is the number of such parts, then

Gi( r )(rmn> <rmnmn1) .
mpy mMp—1 mMp—2

r—mp—Mp—-1—...— M2
mi ’

4) Aj; is the number of assignments of values to variables in
all parts associated with the i-th partition. Specifically,

n!
Ai= 1)!mn—1 o 1ma? (8)

(N

and

nlmn (n —

5) Q; is the quotient and R; is the remainder resulting from
the division AT

Proof: Each partition on n with p < r parts specifies
how p logic values are assigned to n variables when the
corresponding functions are symmetric. So, if the partition is

nmr(n—1)Mmn-t 1™ 9)

then there are m,, sets of n variables and every variable within
each set is assigned to a distinct logic value, there are m,,
sets of n — 1 variables and every variable within each set is
assigned to a distinct logic value, ..., and there are m; sets
of 1 variable' and every variable within each set is assigned
to a distinct logic value. The partition does not specify which
specific logic value is assigned to a specific variable, only that
there are so many sets of variables of a certain size that are
assigned the same logic value. We note that m,, + m,_1 +
coodmp=p<randn-m,+n-1)m,_1+...+1-m; =n.

When specific logic values are assigned, each partition
forms groups of assignments to variables such that any per-
mutation of the variable labels preserves the distribution of
variable values. The number of groups associated with the -
th partition is given with the understanding that each m; in
(7) is associated with the ¢-th partition.

We next compute A;, the number of assignments of values
to variables that exist within each group associated with the ¢-
th partition. This is (8). n! counts the arrangements of variables
when all are distinct. However, they are not all distinct. There
are m,, sets of n variables that have the same value, m,,_1
sets of n — 1 variables that have the same value, ... , and m;
sets of 1 variable that have the same value.

From Theorem 1, a function has maximum v-asymmetry if
there is a uniform distribution of function values across the
assignments to variables that map to the same function value
in a symmetric function. That is, a maximally v-asymmetric

"Forn > 2, mp €{0,1}, mp_1€{0,1},...,and m1 €{0,1,2,...,n}.

function has the property that, for each of the G; groups,
r logic values must be distributed uniformly across the A;
assignments of values that are in all groups. A uniform
distribution is specified by the quotient (); and remainder R;
of the division A;/r. That is, Q; + 1 assignments will map
to R;(< r) values each, while ); assignments will map to
r — R; values each.

It now remains only to count how a uniform distribution
of logic values can occur across the logic values and across
the assignments of values to the variables. With respect to the
logic values, the distribution occurs as

d
(7“ — R,)'Rl' '

With respect to the distribution across assignments of values to
variables, the distribution is divided by those function values
having @; + 1 assignments and those having (); assignments,
and are distributed as

Vi

L; = (10)

A;l
T QU@ R

Thus, the total number of maximally v-symmetric n-variable
r-valued functions is

(1)

p(n,min)

Ny(n,r)= [[ LV

i=1

12)

Substituting (10) and (11) into (12) completes the proof. [J

Example 9. Table IV shows how to calculate the number
of 4-variable 5-valued functions v-asymmetric functions. The
calculation is based on the partitions of n = 4 into r = 5
or fewer parts. Since a partition of n = 4 can have no more
than 4 parts, we consider all partitions of n = 4. The second
column of Table 1V shows all five partitions of n = 4 in
standard form, and the third column shows the exponent form.
Here, for example, partition 4 = 2+ 1+ 1 is written as 2'12.
The fourth column shows one example assignment of values
to the four variables that corresponds to the partition in the
second and third column. For example, in the case of partition
2+ 141 (2'12), one assignment is (x129w324) = 0012. That
is, 0 is assigned to two variables, 1 is assigned to another
variable, and 2 is assigned to the final variable. Indeed, any
assignment of values to four variables with two variables the
same and a single copy of two different variables could have
been chosen as an example. We have chosen, for Table IV, the
lexicographically smallest assignment, 0012 in this example.

The fifth column specifies the number of groups of assign-
ments of values to variables that corresponds to a specific
choice of values for the variables, according to the partition
specified in the second and third column. In the case of
partition 2 + 1 + 1(2112), there are (?) ways to choose the
single pair and (3) ways to choose the other two values. As
shown in the fifth column, this yields a total of (i’) (;1) =30
groups of assignments of variables that corresponds to this
partition.

The sixth column shows how many assignments exist in each
group. For the case of our running example, partition 2+ 1+



TABLE IV: Computation of the Number of Maximally v-Asymmetric 4-Variable 5-Valued Functions

Partition Information # of Grps. of ||# of Assgnmnts| A;/r Contribution from

i| n=4r=>5 |Example ||Assgnmnts G, || in Each Gr. 4; |Q; R; Each Partition

[ o w[ o0 [@) =5 § =t [0 1] () )] = 2
2 3+1(311t| o001 [[(5)(}) =20 3‘,1—% =4 |04 (1?%-1!) (ﬁ)] o 21381
3 2+2| 22| o001l | () =10{| 517 =6 | 1| 1[[(F) (1!4%)]30 = 21081
3| 2usf2z) ooz (@) =30y =12 | 2| 2] () ()] 200
S[1+1+1+1] 1% 0123 | () =5\ =24 | 44| [($n) ()] =227

[ TOTAL[ 1.6592 x 107%% = 212232

TABLE V: Number Maximally v-/vv-Asymmetric Functions

1(2%12) corresponds to the number of arrangements specified
by the multinomial ﬁ = 12. That is, among four variables,
there are two of the same type, one of another type, and one of
still another type, and this can occur in 12 ways. It specifies
how many assignments of variables should all produce the
same logic value in a symmetric function, and it is labeled
A;. In a maximally v-asymmetric function, the function’s value

should be distributed uniformly.

In such a distribution, there are at least Q; = 2] = 2
instances of certain function logic values, while R; = 12 —
L%J X 5 = 2 of the function logic values are represented
by three logic values. The values of Q; = |*2]| = 2 and

12

R; =12 — [£] x 5 = 2 are shown in the seventh and eighth

columns, respectively.

# of v/vv-Symmetric and Maximally v/vv-Asymmetric Functions The rightmost column shows the contribution to the product
nrl  #-SH#v-S 0,(n,r) Ouu(n,r) Max=r" # v-Asym# vv-Asymr” . . ..
55 930 92U 1 24 530 520540 of contributions of the present partition. As shown, there are
32/ 240 220 2 48 272 253 98.0 5?—;, ways to distribute function logic values so that there is
‘5‘5 328 32'8 IZ 12 ;g g;;z 3;;2 g;gg a uniform distribution (two logic values as triples and three
62 270 940 30 3264 955.4 955.6 964.0 as doubles for a total of 5). There are —2!1323!!2 assignments in
72 280 240 60 64128 2119.3  9l18.3 9128.0 each group. As there are 30 groups, each with 3‘%,% ways
9.0 5.0 236.9 242.3 9256.0 . . . . ST . .
§§ ;9 - g - 12; 122 356 2212 M o ;1 - to assign function values, the contribution of this partition is
: : - ToTT ' 4 ’ ’
33| 92158 94.8 16 1827 26.8 933.1 942.8 [% %]30 = 27196 Now, repeat this computation for the
43 2238 263 48 5481 21005 91113 9128.4 four other partitions, and then compute the product for a total
53 233,3 27.9 153 162243 233842 2358.6 2385.1 1223.2 .
63 24444 211.1 483 486 729 2104249 2111245 2115544 Of 2 functlons. u
73 957.1 912.7 1449 1458 2187 23303.4 93407.8 93466.3 . .
g3 2713 9158 4356 43746561 910172.8  910316.1 910308.9 | B. vv-Asymmetric Functions
2 4 220AU 24,0 6 1216 22945 22&1 23240 .
34 2100 580 0 4564 9103.3  9109.9 51280 Theorem 7. The number of n-variable r-valued vv-
44| 92700 9100 186 192256 9386.5 94747 9512.0 asymmetric functions Ny, (n,r) is
54 2112.0 212.0 744 768 1024 2181644 21989.0 22048,0
64 216840 218.0 3052 3072 4096 2767144 28088.2 2819240 p(n,r;n) (A G )'
7 4] 2240.0 922.0 12236 12288 16384 931874.1  932616.7 932768.0 va (TL T) — H 1) (13)
8 4| 2330.0 930.0 49146 49152 65536 9129275.1 9130837.6 9131072.0 ’ . (QL)IT )
25 234, 24.6 10 2025 954.8 245.1 958.0 i=1
35 281.3 97.0 80 100 125 2237.9 9262.8 9290.2 L . L . . .
2 ol ol625 o116 w5 500608 J1223.2 13931 514512 Where' A; is given b)'J ('8.), qu is given by (7), Q'Z is the quotient
55| 9292.6 5163 2406 2500 3125 26262.0  5T153.3 57256.0 resulting from the division <*, and p(n,r;n) is the number of
65 248746 223.2 12480 12500 15625 23411147 236102.6 236280.1 partitions onn Wlth r orfewer par[s’
75 276642 230,2 62450 62500 78125 217720148 21811243 218140046
8 5/21149-4 941.8 312400 312500390625 28994352 9906566.9 99070032 | Proof: This proof is similar to that of Theorem 6. In the
26 2°%5 252 15 3036 25T 2T case of maximally vv-symmetric functions, for each partition,
36 21448 27,8 160 180216 241246 25210 2558,4 . .
46 23257 2129 1065 10801296 22555.7  3270.0 93350.1 there is exactly one (large) group of assignments of values
56| 26514 918.1 6440 64807776 217903.0  919956.8 920100.7 | to the variables over which the function logic values should
66 21194,3 228.4 38850 38880 46656 211437341 2120337.5 212060440 . . . . o .
2 61220473 536.2 233130 233280279536  5TI0SE14 57232117 97236241 be. dlstrlbut.ed uniformly. For the z.th Pa.rt.ltlon, the size of
8 6/23326.8 951.7 139947() 1399680 1679616 24315354.7 94341070.8 94341744.4 this group 18 AlG, Further, AlGl is divisible by r, and so

all uniform distributions are exactly uniform. The number of
ways to uniformly distribute the assignments of values to the
variables is (A;G;)!/Q;!". The theorem follows immediately.

|

Example 10. Table VI shows how to calculate the number of
4-variable 5-valued vv-asymmetric functions. The first three
columns are identical to the first three columns in Table IV.
The remaining columns illustrate the application of (13) in
Theorem 7.

The calculation of the number of maximally vv-asymmetric
functions is similar to that of maximally v-asymmetric func-
tions. The difference is in the assignment of variables where
the corresponding symmetric function takes on a constant
value. In the case of maximally vv-asymmetric functions, the
region includes all assignments corresponding to a single



TABLE VI: Computation of the Number of Maximally vv-Asymmetric 4-Variable 5-Valued Functions

Partition Information # of Grps. of ||# of Assgnmnts Total # of Contribution from

i| n=4r=25 |Example ||Assgnmnts G; || in Each Gr. A; | Assgnmnts T; |Q;|R; Each Partition
1 4] 41 o000 [[(3) R 3; =1 [5-1 =5/ 1] 0 ('5‘?('),) (1,02,0) = 209
2 3+1 311; 0001 (i) ) =20 3;4—} =4 {204 =80/16| 0 (%)( ) =21;Z-§
_ _ - _ 9128

3 242 22| o011 | (5) . 10 B =6 |10-6 =60|12| 0 (W) (12,01 ) =2
4] 2+1+1[2'12| 0012 @ (2)  =30|| 12 [30-12  =360|72| 0O (< ,) (maporsm ,o) = 28194
5[1+1+1+1| 1*| 0123 | (7) =5| g = 24 |5-24 =120|24] 0 (5,0,) (24,525,0) = 22653

[ TOTAL (57=)625] | [2.3791 x 1019 = 21393.1]

partition (beta vector). The column labeled “# of Grps. of
Assgnmnts G;” in Table VI specifies the number of arrange-
ments, and the column labeled “# of Assgnmnts of Each Gr.
A;” specifies the number of ways values can be assigned to ar-
rangements. Their product is the total number of assignments
to the variables that should be constant in a vv-symmetric
function. This is the same region over which the function logic
values should be uniformly distributed. All partitions in Table
VI correspond to a region length that is a multiple of r = 5.
So, a perfectly uniform distribution of assignments of values
to variables occurs. In the case of partition 2+ 1+ 1, there
are 360 assignments of variables, and the number of ways to
achieve a uniform distribution of assignments to function logic
values is the multinomial %20,'72,72, The right column of
Table VI shows the number of distributions for each partition
(beta vector). Each can be chosen independently, and so the
total number of maximally vv-asymmetric functions is 213931,
a large number. ]

VI. CONCLUDING REMARKS

Every vv-symmetric function is v-symmetric (e.g., f2), but not
every v-symmetric function is vv-symmetric (e.g., f1). With
respect to v-asymmetric and vv-asymmetric functions, there
are v-asymmetric functions that are not vv-asymmetric (e.g.,
f3) and vv-asymmetric functions that are not v-asymmetric
(e.g., f1). And, there are functions that are both v-asymmetric
and vv-asymmetric (e.g., f5, which is f3 with [0,2,2]T

placed by [0,1,2]T). The Venn diagram in Fig. 2 shows this.

All Functions
f

0.
f

Fig. 2: Venn Diagram of Symmetric/Asymmetric Functions

Although their number was found combinatorially, maxi-
mally asymmetric functions seem difficult to quantify. Indeed,
in the writing this paper, we were unable to find a maximally
asymmetric function with » > 2 that would be familiar to
the reader. Maximally asymmetric functions tend to resist
classification, in the same way that random functions tend to
resist classification.

An n-variable maximally asymmetric function has the
largest possible asymmetry among all n-variable functions. We
consider two types of symmetry, v-symmetric functions which
are unchanged by a permutation of the variable labels and vv-
symmetric functions, which are unchanged by a permutation of
variable labels and variable values. For each, we characterize
maximally asymmetric functions, and, from this, enumerate
them. There is no similar construction of bent functions.
Maximally asymmetric functions tend to be balanced, with
function values evenly distributed among the r function values.
Thus, they are more like random functions than bent functions.
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