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Abstract

This paperconsidersa methodto realizea two-valuedin-
put three-valuedoutputfunction f : {0,1}" — {0,1,2}
by usinga cascadeof four-input cells. Decompositiorof a
group functionis usedto find a canonicalform. We show
that the Walsh spectrumspecifiesthe canonicalform, and
the numberof non-zeo coeficientsin the spectrumis pro-
portional to the numberof cells in the cascade Finally,
we showan extensionto p-valuedfunctionf : {0,1}" —
{0,1,...,p—1}. Thedesignedascadesre reversibleand
conservative

1. Intr oduction

Recently cascadeealizationsof logic functionsreceie
attentionfor thefollowing reasons:

The first reasonis the DSM (Deep Sub-Micron) prob-
lemscasedby lateral capacitanceoupling betweerwires,
inductanceeffect, and manufacturingvariations. These
makecustomdesignof LSI very expensve andtime con-
suming[3]. To solve theseDSM problems programmable
cascadeealizationshave beendeveloped[13].

The secondoneis the power dissipationproblem. With
the increaseof the numberof gatesper chip, accordingto
Moore’s law, currentstandardCMOS technologywill dis-
sipatetoo much enegy in a chip. Becauseof economic,
ecologicalandethicalreasonswe have to find a novel ap-
proachthat dissipategirasticallylower power thanbefore.
Reversiblelogic givestheoreticalsupportto designcircuits
without lossof information,andconsequentlywithout en-
ey loss[1, 2, 5]. An n-inputn-outputcircuit is reversible
if thereis a one-to-onecorrespondencéetweenits input
vectorsand output vectors,thatis, thereis a distinct out-
put vector for eachinput vector An importantrestriction
in the reversiblelogic circuitsis thatead gate hasexactly
onefanout. Thus,thedesignof cascadebecomewery im-
portant[6, 8]. Conserative logic is anothemodelfor low
power circuit [9, 5]. A circuit is conservativaf the num-
berof 1'sis eachinputis equalto the numberof 1'sin the
correspondingutput[9].

Cascadeanbe classifiedinto two classestwo-rail cas-
cades,and multi-rail cascadeg14]. Maitra [7] consid-
eredsingle-railcascadesf two-inputcells. Unfortunately
single-rail cascadesealize only a small fraction of two-
valuedlogic functions. Short[15] shaved thatary logic
functioncanberealizedasatwo-rail cascad®f three-input
cells. Yoeli-Turner[17] shaveda designmethodfor multi-
rail cascadeft].

In this paper we shav a methodto designtwo-valued
input three-walued output functions by using a three-rail
cascadeof reversible and conserative logic elements.
In the design of logic circuits, sum-of-productsexpres-
sions (SOPs), exclusive-OR sum-of-productsexpression
(ESOPs)andbinary decisiondiagramgBDDs) are exten-
sively used. They areusefulrepresentationsf logic func-
tions[10, 11, 12]. In this paper however, we will usegroup
functionasa basictool to designcascades.

In Section2, we suney the grouptheory In Section3,
we introducea group function, andits decompositiorthe-
ory. We shaw thatthe canonicalform of the cascadecan
be derived from the Walshspectrumof the given function.
In Section4, we considerthe compleity of the cascades
andshov somestatisticaldata.In Section5, we extendthe
theoryto implementwo-valuedinput p-valuedoutputfunc-
tionsandshow the sizesof cascadefor ann-bit adderand
ann-bit multiplier. In Section6, we summarizehe paper

In this paper we usethe theoryof finite groupsandlin-
earalgebrain additionto Booleanalgebra. The methodis
illustratedwith numerousxamples.

2.Group Theory

In this part, we will surwey the grouptheory which will
beusedin this paper

Definition 2.1 Agroup < G, -, I > is an algebmic system
satisfyingthe following axioms:

MO: Foranya,be G,a-b € G.
M1: Foranya,b,ce€ G,(a-b)-c=a-(b-c).
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Figure 2.2. Relations of elements.

M2: For anya € G, a unigueelement/ existssud that

a-I=1 a=a.
M3: For anya € G, anelement existssud thata - b =
b-a=1.

Theelement is theinverseof a, anddenotedoy a .
A groupis Abelian if it satisfies

M4: Foranya,be G,a-b=1b-a.
We usuallyomit theoperator”-”.

Definition 2.2 A groupis a cyclic group if every element
in the groupis a powerof somefixedelement: in G.

Definition 2.3 A groupthatconsistf all thepermutations
of n elementss a symmetric group of degreen.

Example 2.1 Fig. 2.1showsCs = {I,a, a?}, a setofthree
permutationswheee | is the identity permutation,a is the
single shifting permutation,and «? is the double shifting
permutation. C'5 forms a cyclic group of order three
The product opeation is the compositionof the permuta-
tions. Cj is an Abelian group. Fig. 2.2(a) showsthe re-
lations of elements. Notethat > = I, anda? = a~1.

(Endof Example)

Example 2.2 Fig. 2.3showsC, = {I, g}, a setof two per
mutationswhele g swapsthe lower two rails. C; formsa
cyclic group of order two. C> formsan Abeliangroup.
Fig. 2.2(b) showsthe relations of elements. Note that
g?=1I,andg =g~ 1. (Endof Example)

Example 2.3 Fig. 2.4 showsS; = {I,a,d?, g,ag,ga},
which correspondsto all possible permutationsof three
rails. S3 has3! = 6 elementsand formsthe symmet-
ric group of degreethree Notethat S5 is a non-Abelian
groupsinceag # ga.

Fig. 2.5 showsthe relationsof elementsn S;. Ss isa
directproductof Cs andCy: Sz = C3 x Cy = {I,a, a’} x
{I,9} = {I,a,d? g,ag,ga}. Also,fromFig. 2.5, we see
thatgag = a~',andga='g = e hold.  (Endof Example)

Figure 2.3. Elements of Cs.
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Figure 2.4. Elements of Ss.

3. Group Functions

In this part, we introducea groupfunction, which is an
importanttool to designmulti-rail cascade.

3.1.Group Functions

Definition 3.1 Let G bea group,and B = {0,1}. F :
B" — @, isagroup function.

Example 3.1 Considera group function 7' : B” — (s,
whee C5 = {I,a,a?}. Notethat the outputof the group
function F' assumeshevalueequalto oneof thethreeper-
mutationsn Fig. 2.1. (End of Example)

A groupfunctioncanrealizea three-aluedfunction.

Example 3.2 Considera group function 7' : B” — (s,
anda three-valuedunctionf : B — {0, 1,2}. By using
a groupfunction,we canrealizea three-valuedunctionas
shownin Fig. 3.1. Whenthe constant®, 2, and 1 are con-
nectedto theleft sideof the permutation the top output f
realizeghefollowingfunction: f, = OwhenF' = I, fo = 1
whenF = a,and f; = 2 whenF = a?. (Endof Example)
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Figure 2.5. Relations of elements in Ss.
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Figure 3.1. Realization of three-valued func-
tion.

Figure 3.2. Hardware for ¢°.
3.2.Decompositionof Group Functions

Theorem 3.1 A group function F(X) : B” — (Cj is de-
composablasfollow:

F(X,mn) = Fa()A()g“Fb(X)g“, (3.1)

whee z,, denotesa variable,and F,,(X ) and F;, (X ) denote
groupfunctionsthat do notdependon z,,.

A proofcanbefoundin [17].

The expansion(3.1) is essentialin the designof cas-
cadesandcorresponds$o the Shannorexpansionin alogic
function. Fig. 3.2 shavs hardwardgo implementg®. When
z = 0, ¢° representghe identical permutation. When
z = 1, ¢° swapshetwo lower rails.

Lemma3.1 Letg € C5, and F' bea groupfunction B* —
C3. ThengFg = F~1.

From(3.1),we have

F(X,0) = Fu(X)g°Fy(X)g°, and

F(X,1) = F.(X)g'Fy(X)g.
Let

F(X,xn) = af(X’x”),
Fo(X) = o/*%) and
Fy(X) = o).
Fromtheserelations,we have
af X0 = gfa(X)+(X) gngd

QIR glalX)=h(X)

0] I [ I
2+ Fa |— 9 |— Fb — g
1 ] ] ]

Figure 3.3. Canonical Cascade for one-
variable function.
Thereforewe have
f(X,0) = fo(X)+ fo(X) (mod 3), and

FIX 1) = falX) = fu(X)
By usinga matrix notation,we have

FX,01 (1 1] fa(X) o

] =1 kR e
Notethat

(mod 3).

1 1
1 -1

is the Walsh matrix of onevariable.Since,

v = [0 a4
[y

(mod 3).

W=y _y] tmeds)

(mod 3),
wehaeW; ! = -,
3.3.0ne-Variable Case

For a one-ariablefunction, the canonicalform for the
group function is written as af(®1) = g% g®1g% g,
Fig. 3.3 shavs the canonicalcascadef one-variablefunc-
tion. It consistsof four cells. By settingz to 0 and 1,
we have af(0) = ¢¥=g%q@rg® = g%¥=tvr andaf(V) =
avagtar gl = q¥+~¥*, Thus,we have

I =181=11 ] ] weas.
SinceW; ' = -Ww;
)=l allE])

W = (wq, wp)" isthevectorrepresentinghecanonicaform
of thecascade.

(mod 3), we have

Example 3.3 Considerthe one-variablefunction f(z1) =
z1. Inthiscase,fy = 0 andf; = 1, thus,wehavew, = —1
andw, = 1. So,F(z) iswrittenas F(z) = a~'¢g"1ag”.
Fig. 3.4 showsthe canonicalcascade Sincethelastcell is
notutilizedto thefunction,the cascadecanbe simplifiedto
Fig. 3.5. (End of Example)
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Figure 3.4. Canonical cascade for f(z) = z.
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Figure 3.5. Simplified cascade for f(z) = z.

3.4.Two-Variable Case

In this part, we will derive the canonicalform for two-
variable functions. From (3.1), we have F(z1,z2) =
Fo(z2)g" Fp(22)g™". Thus,F(z1, z2) canberealizedby a
cascadshown in Fig. 3.6. SinceF, andF} aregroupfunc-
tionsof onevariable we have the canonicakascadehavn
in Fig. 3.7. Notethatit consistsof 10 cells. The canonical
form of two-variablefunctionis written as

af(xl,xQ) — awagIQwagzzgzlawcgrgawdgzzgzl )

T1®T2 W , T2 ,Wd

acg-ra’g

= a¥g"2q¥y T1@T2

By assigning0d and1 to z; andz-, we have the following
four equations:

F(0,0) = fo=wa+wp+w.+ wy
F(0,1) = fi=ws —wp+ we —wg (mod 3)
F(1,0) = fo= 1w+ wp —w, — wy

f(L1) = fa=ws— wp — we + wq

In thematrix form, they arerepresenteds

fo (11 1 17 [w,
Al _l1=1 121w .
Il 121 21| | w | (modd)
f3 1 -1 =1 1] | wg

X2 X1 X2 X1
| Fa g 1 | 9 |-

Figure 3.6. Cascade realization of two-

variable function.

Figure 3.7. Canonical cascade for two-
variable function.
Notethat
1 1 1 1
1 -1 1 -1
W= 214
1 -1 -1 1
is the Walshmatrix of two variables.Since,
4000 1000
Wy = =4 =1, (mod3).

0400
0040
0004

We have W, = W, ' (mod 3). Thus, W, is a self-
inversematrix. The vectorrepresentinghe canonicafform
iS W = (wa,ws, we,wq)t = Wo - F (mod 3), where
F = (fo, f1, f2, f3)'. In this case.# is equalto the Walsh
spectrunof F.

Example3.4 Consider the two-variable function

flz1,29) = 21 @ 2z9. IN this case,F = (fo, f1, fau f3) =
(0,1,1,0)* Since,

2 -1 Wy
8 = 8 = Zi (mod 3),
-2 1

Wy F =
wq

wehave

0 z16hre 0 xo 1 x1PTo

F = a '¢g"2a’ a g°%a’g
— a—1g172®1?1@l‘265172a1gl‘1®1?2
— a—lg:cl@xgalgxl@:cg.
Fig. 3.8(a)showshecascaddor f(z1, z2) = z1 ® 242, and
Fig. 3.8(b)showshe simplifiedone (End of Example)

Example 3.5 Consider the two-variable function f(z
IQ) = ziz9. In this Case,ﬁ = (fo,fl,fg,fg)t
(0,0,0,1)%. Similarly, we havew = (wq,, wp, we, wa)?
(1,—1,—1,1)*. Thecanonicalformis

—_

bl

F = agxga—lgxl@xQG—lgxlag
Fig. 3.9(a) showsthe simplified cascadefor f(z1,z2) =
z122. Sincethefunctiontakesonly two values the constant
2 can be replacedby the constant0. In this case,the left
mostcell can be removedand we haveFig. 3.9(b), which
hasonly threecells. (End of Example)
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Figure 3.9. Cascades for f(z1,z3) = z122.
3.5.Three-\ariable Cases
The canonical form for a three-wariable function

f(z1, 22, 23) is givenby

af(l‘lyl‘zyl‘a) — 1‘2@1‘3 z1hr2bTs

= g g g *a” ‘g
g wfgr2®1‘3 wggl‘s whgl&@l‘z@l‘a.
Fromthis, we have F = Wa, where F' = (fo, f1, fa,
I3, fa, I5, f6, F ) _‘:( b;wwwdawe:wf:wg:wh)t'
and
[ 1T 1 1 1 1 1 17
-1 1 -1 1 -1 1 -1
1 -1-1 1 1 -1 -1

-1-1 1 1-1-1 1
11 1 -1 -1 -1 -1
-1 1 -1-1 1-1 1
1 -1-1-1-1 1 1
-1-1 1 -1 1 1-1

=
Il
e e T S A

W3 is the Walsh matrix of threevariables SinceWs =
223 = —I3 (mod 3),wehave W5 ' = —W3 (mod 3).
Thus,w = —W5 - F

Example 3.6 Considerthe function f(z1, z2, z3) = 21 @
zy @ z3. Notethat F = (0,1,1,0,1,0,0, 1)*, and

-

WBF = (41 Oa Oa Oa Oa 0’ 0’ _4)t
(1,0,0,0,0,0,0,—1)"

(mod 3).
Thevectorreprsentinghe canonicalformis
&= —WsF =

(—=1,0,0,0,0,0,0,1)* (mod 3).

XL X 3
ﬁftitﬁi
0 XD XD X3

Figure 3.10. Simplified cascade for z1®zs®z3.

Table 3.1. f = 21 + z2+ 23 (mod 3).
Ty %y x3|f
0 0 010
0 0 1|1
0 1 0|1
0 1 1|2
1 0 0]1
1 0 12
1 1 0]2
1 1 110
Thegroupfunctionis
F(z1,20,23) = a”'g"a’g"*®73a g7 g7 ®7287s
anggang2®x3a0gI3a1gI1€Bl‘2€Bl‘3
— a—lgl‘l@1?2®l‘3 gl‘1€Bl‘2€Bl‘3.

Fig. 3.10showsthe simplifiedcascaddor f(z1, 22, z3) =
21 P Ty B 3. (End of Example)

Example 3.7 Consider the function f(zi,z2,23) =
z1 + z2 + z3 (mod 3). Table 3.1 shows the func-
tion table of the three-valuedfunction, and the op-

erator “+” denotesthe integer addition of mod 3.
Note that # = (0,1,1,2,1,2,2,0). WsF =
(0,-1,-1,0,-1,0,0,0,0), and the vector representing

thecanonicalformis w = (0,1, 1,0, 1,0, 0, 0)*. Thegroup
functionis
F(Il, To, IB) — angaalgzz®z3a1gz3a0gx1®z2®z3
algzaaogzze}xaaOgl‘aaOgl‘l Dr2bTs
— g agI2€Bl‘3 gl‘1€Bl‘2ag 1
Fig. 3.11showsthe simplifiedcascaddor f(z1,z2, z3) =
1+ 22 + 23 (mod 3). Notethatthe last two gatescan
alsoberemoved. (End of Example)

3.6.n-Variable Case

Theorem 3.2 Let F be the truth vectorfor a function f :
B" — {0,1,2}. The vector representingthe canonical
form of the cascadds @ = (—1)"W,F (mod 3), whee
W, is theWalsh matrix of n variables.
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Figure 3.11. Simplified cascade for z;+zs+23
(mod 3).
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Figure 4.1. Realization of n-variable function.

(Proof) NotethatW? = 2" I,,. Whenn is anoddnumber
i.e.,n = 2r+ 1. Wehave 2" = 2?27+1 = 47 x 2. Since
4 =B3+1) =1 (mod3), wehae2"” =2 = -1
(mod 3). Similarly, whenn is anevennumberi.e.,n = 2r,
wehave 2" = 227 =47, Thus,2” =1 (mod 3). (Q.E.D)

W, F istheWalsh spectrum[16] of f. Thus,thecanon-
ical form of the cascaddor f : B — {0,1,2} canbe
obtainedrom the Walshspectrunof f.

4. Complexity of Cascades

In this part,we will considerthe numberof cellsto real-
ize ann-variablefunctionby a cascade.

4.1.Upper Boundson the Number of Cells

Theorem4.1 Let N(n) be the number of cells in the
canonicalcascadefor an n-variable function f : B* —
{0,1,2}. Then,N (n) = 3 - 2" — 2.

(Proof) As shown in Fig. 3.1, we canrealizea constant
function by usingone cell, so N(0) = 1. As shown in
Fig. 3.3, we canrealize a one-\ariable function by using
four cells,so N (1) = 4. Asshown in Fig. 4.1, we canreal-
ize ann-variablefunctionby usingapairof (n—1)-variable
cascadeandtwo ¢ cells. Thus,we have therecurrencee-
lation: N'(n) = 2N (n — 1) + 2. By solvingthisrecurrence
relationwehave N (n) = 3 - 2" — 2. (Q.E.D)

4 .2.Actual Sizeof Cascades

As showvn in Theorem3.1, ary function canbe decom-
posedasF (X, z,) = Fu(X)g"» Fp(X)g® . If Fy = a® =
I, then F(X,z,) = F.(X)g*"g" = F.(X). There-
fore, except for the first coeficient, a zero coeficient in
the Walshspectrunimpliesthatthreecellscanberemoved

Table 4.1. Average number of zero coeffi-
cients in the spectrum for n-variable func-
tions.

n Zeroscoeficients 2" /3
Two-valued | Three-alued
5 10.8 9.0 11
6 19.7 21.9 21
7 39.3 43.3 43
8 84.8 84.4 85
9 163.8 171.2| 171
10 348.5 337.7| 341
11 684.6 675.3| 683
12 1369.4 1398.3| 1365
13 2712.6 2722.9| 2731
14 5460.8 5465.2| 5461

from the canonicalcascade. Thus, functions with fewer
non-zerocoeficientstendto have shortercascadesAlso,
n rightmostcells are not usedto realizethe function (see,
for example,Fig. 3.8(a)). Thus,at leastrn cellscanbere-
moved.

4.3.Experimental Results

We generated 0 randomtwo-valuedfunctionsof n vari-
ables,where|f~1(0)| = |f~1(1)| = 2"~!. Thatis, func-
tions producevalue 0 for 2"~ combinations,and 1 for
27~! combinationsThen,we obtainedthe Walshspectrum
forthem.In Table4.1,thecolumnfor Two-valuedshavsthe
averagenumberof zerocoeficientsin the spectrum.From
thetable,we canseethatthe numberof zerocoeficientsin
the spectrumis nearto 2" /3.

We did the similar experimentsfor three-waluedoutput
functions.In this casewe generatedandomfunctionssuch
that|f=2(0)| = |F~1(1)| ~ |f~*(2)| ~ 2"/3. In Table4.1,
the columnfor Three-valuedshavs the averagenumberof
zerocoeficientsin thespectrum Theresultis similarto the
caseof two-valuedfunctions. Thatis, the averagenumber
of zerocoeficientsis nearto 2" /3.

The numberof cellsin the canonicalcascadds about
3 - 2", andthereareabout2” /3 zero-coeficients. Also, for
eachzero-cosficient, we canremove threecells. Thus,we
have thefollowing:

Conjecture 4.1 The average numberof cells in cascades
for n-variablerandomlygeneatedfunctionsis about2”+1.

5. Extensionto p-valued Functions

In the previous sectionswe shaoved a methodto realize
athree-aluedfunctionf : B™ — {0,1,2}.

In this part, we will extend the methodto realizea p-
valuedfunction, wherep is a prime number Let C, =
{I,a,a? a®, ... a?~1} beacyclicgroupoforder p, where
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Figure 5.1.a in Cs. Figure 5.2. g in Cs.

Figure 5.3. Relations of elements in Ds.

theelement permuteshei-thrail into (i+1)-th  (mod p)
rail. Also, let Cy = {I, 4} be a cyclic group of order 2,
whereg swapsthe i-th rail with the (p — )-th rail when

i#0.
Theorem5.1 A group function F(z) : B® — C, is de-
composablasfollows:

F(X,2,) = Fa(X)g®" Fy(X)g"", (5.1)
whee z,, denotesa variable,and F, (X)) and F3,( X ) denote
groupfunctionsthat do notdependon z,,.

Example5.1 Whenp = 5, let a and g be permutations
shownin Fig. 5.1 and Fig. 5.2, respectively Then,C5 =

{I,a,a? a® a*} formsa cyclic group of order five, and
Cy = {I,g} formsa cyclic group of order two. Also,
Ds = C5 x (O formsa dihedral group of order 10.

Fig. 5.3 showthe relationsof elementdn D;. It is easy
to verifythatgag = a=". (Endof Example)

Similarly to the caseof p = 3, we have the following
relation:

- [T
- = N mod p),
e ]=0 A [EE] emean
where

F(X’;L‘n) - af(nyn):

Fo(X) = af*®) andF,(X) = a™X).
Theorem5.2 Let F be the functionvectorfor f:B" >
{0,1,2,...,p — 1}, whee p is a prime number Then, f
canberealizedasa cascadeof elementsn C, andg. The

coeficientsfor the canonicalform of the cascadeare equal
to theWalshspectrum2™ "W, F (mod p).

Table 5.1. Table for two-bit adder.

Ty T3 To T1|f||Ta T3 T2 1| S

0 0 0 001 0 0 0|2

0 0 0 1)1)J1 0 0 1(3

0 0 1 0|2)1 0 1 0|4

0 0 1 1931 0 1 115

0 1 0 011 1 0 013

0O 1 0 1{2f1 1 0 1.4

0 1 1 0|3)J1 1 1 0|5

0 1 1 141 1 1 116
X XDX DX XD X x4
) ) ) ) )
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Figure 5.4. Cascade for a two-bit adder.

Example 5.2 Considera two-bitaddershownin Table5.1.
It hasfour inputsandoneoutput,andcomputes’ = 2(z4+
z2) + (23 + z1). Since,f is a seven-valuedunction,we
realizef by usinga groupfunction B* — C7.

Notethat W2 = 271;,and2” = 2 (mod 7). We have
Wil =1w;  (mod 7).

Thefunctionvectoris F = (0,1,2,3;1,2,3,4;2,3,4,5;
3,4,5,6)%, and the Walsh spectrumis (48, -8, —16,0;
-8,0,0,0;-16,0,0,0;0,0,0,0)*. Thevectorrepresenting
the canonicalform of the cascadds

1
w 5(48, —8,—16,0;—8,0,0,0;—16,0,0,0;0,0,0,0)"

(24, —4,—8,0;—4,0,0,0; —8,0,0,0;0,0,0,0)"
= (3,3,—1,0;3,0,0,0;—1,0,0,0;0,0,0,0)" (mod 7).

Thesimplifiedgroupfunctionis

F = a3gz‘1 a3g:c1@:c2a—lng@x3a3gx3€Bx4a—1gx4
— a3(g1:1a3g:v1)(gxga—lgxg)(gx3a3g:v3)(g1:4a—1g1:4)
— a3(g1:1a3ga:1)(gx3a3ga:3)(ga:2a—1ga:2)(gx4a—1gx4)
— a3g:v1GSg:cl@xaa39x2®x3a—1gx2®x4a—1gx4

Fig. 5.4showsthe cascaddor F'. (End of Example)

Lemma5.1 The number of non-zeo coeficients in the
Walshspectrunfor an n-bit adderis 2n+1.

(Proof) Thearithmeticexpressior{16] for then-bit adder
is D = S0 2(2; + yi). By usingthe relationsa; =
1 —2z; andp; = 1 — 2y;, we have therelationz; + y; =
1 — (i + B;). Thus,the expressionshaving the Walsh



spectrun16] is written as

n—1
; 1
D = 222[1 — 5(012 + /32)]
=0

15

_E az +/32
i=0

So,thenumberof non-zerocoeficientsis 2n + 1. (Q.E.D)

Theorem 5.3 An n-bit adder can be realizedby the cas-
cadewith 6n + 1 cells.

(Proof) The numberof cellsin the canonicalcascadés
3. 22" — 2. Thetotal numberof coeficientsis 22, and
the numberof non-zerocoeficientsis 2n + 1. Thus,the
numberof zerocoeficientsis 22 — (2n + 1). For eachzero
coeficient, we canremove threecells. Thus,the number
of remainingcellsis (3 - 22" — 2) — 3[2?" — (2n + 1)] =
6n + 1. Notethatin Fig. 5.4,two g cellsarenecessaryor
r1 @ x3, 9 B x3, andzy O x4. Thus,Fig. 5.4requiresl3
cells. (Q.E.D)

Lemmab5.2 The number of non-zeo coeficients in the
Walshspectrunfor an n-bit multiplieris (n + 1)2.

(Proof) Thearithmeticexpressiorfor then-bit multiplier
is D= (20, 22) (3720 2 1 2%y;). By usingthe relations
a; = 1—2z;andB; = 1 — Zyz, we have the expression
shaving the Walshspectrum:

D= 20— a2 (- )

=0
So,thenumberof non-zerccoeficientsis (n+1)?. (Q.E.D)
Similarly to the proof of Theoremb.3,we have

Theorem 5.4 An n-bit multiplier can be realizedby the
cascadewith 3(n + 1)? — 2 cells.

6. Conclusionand Comments

In this paper we have shavn a designmethodfor cas-
cadeswhich implementtwo-valuedinput three-aluedout-
putfunctions.We usedCs (the cyclic groupof orderthree)
andsSs (thesymmetricgroupof degreethree)to decompose
Cs. Thedesignedcascadearereversibleandconsenrative.
The Walsh spectrumspecifiesthe canonicalcascadeand
the numberof non-zerocoeficientsin the spectrumis re-
latedto the numberof the cells.

We have shavn that an arbitrary n-variablefunction is
realizedwith atmost3 - 2" — 2 cells. Also, by experiments,
we have shavn thatarandomfunctionof » variablescanbe
realizedwith about2” ! cells. Wealsoderivedthenumbers
of cellsto realizeann-bit adderandan n-bit multiplier.

Notethat Yoeli-Turner[17] designedwo-rail cascades.
They usedK (theKlein 4-group, thatis isomorphicto C2),
and A4 (the alternating group on four object3 to decom-
posek.
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