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Abstract

This paperconsidersa methodto realizea two-valuedin-
put three-valuedoutput function

���������
	��

��������
	������
by usinga cascadeof four-input cells. Decompositionof a
group functionis usedto find a canonicalform. We show
that the Walsh spectrumspecifiesthe canonicalform, and
thenumberof non-zero coefficientsin thespectrumis pro-
portional to the numberof cells in the cascade. Finally,
we showan extensionto � -valuedfunction

����������	���
��������	������
��� � � 	�� . Thedesignedcascadesarereversibleand
conservative.

1. Intr oduction

Recently, cascaderealizationsof logic functionsreceive
attentionfor thefollowing reasons:

The first reasonis the DSM (DeepSub-Micron)prob-
lemscasedby lateralcapacitancecouplingbetweenwires,
inductanceeffect, and manufacturingvariations. These
makecustomdesignof LSI very expensive andtime con-
suming[3]. To solve theseDSM problems,programmable
cascaderealizationshave beendeveloped[13].

Thesecondoneis thepower dissipationproblem.With
the increaseof the numberof gatesper chip, accordingto
Moore’s law, currentstandardCMOS technologywill dis-
sipatetoo much energy in a chip. Becauseof economic,
ecological,andethicalreasons,we have to find a novel ap-
proachthatdissipatesdrasticallylower power thanbefore.
Reversiblelogic givestheoreticalsupportto designcircuits
without lossof information,andconsequently, without en-
ergy loss[1, 2, 5]. An ! -input ! -outputcircuit is reversible
if thereis a one-to-onecorrespondencebetweenits input
vectorsandoutputvectors,that is, thereis a distinct out-
put vector for eachinput vector. An importantrestriction
in the reversiblelogic circuits is thateach gatehasexactly
onefanout.Thus,thedesignof cascadesbecomesvery im-
portant[6, 8]. Conservative logic is anothermodelfor low
power circuit [9, 5]. A circuit is conservativeif the num-
berof 1’s is eachinput is equalto thenumberof 1’s in the
correspondingoutput[9].

Cascadecanbeclassifiedinto two classes:two-rail cas-
cades,and multi-rail cascades[14]. Maitra [7] consid-
eredsingle-railcascadesof two-inputcells. Unfortunately,
single-rail cascadesrealizeonly a small fraction of two-
valuedlogic functions. Short [15] showed that any logic
functioncanberealizedasatwo-rail cascadeof three-input
cells.Yoeli-Turner[17] showeda designmethodfor multi-
rail cascades[4].

In this paper, we show a methodto designtwo-valued
input three-valued output functions by using a three-rail
cascadeof reversible and conservative logic elements.
In the design of logic circuits, sum-of-productsexpres-
sions (SOPs), exclusive-OR sum-of-productsexpression
(ESOPs),andbinarydecisiondiagrams(BDDs) areexten-
sively used.They areusefulrepresentationsof logic func-
tions[10, 11, 12]. In thispaper, however, we will usegroup
functionasa basictool to designcascades.

In Section2, we survey thegrouptheory. In Section3,
we introducea groupfunction,andits decompositionthe-
ory. We show that the canonicalform of the cascadecan
bederived from theWalshspectrumof thegiven function.
In Section4, we considerthe complexity of the cascades
andshow somestatisticaldata.In Section5, we extendthe
theoryto implementtwo-valuedinput � -valuedoutputfunc-
tionsandshow thesizesof cascadesfor an ! -bit adderand
an ! -bit multiplier. In Section6, wesummarizethepaper.

In this paper, we usethe theoryof finite groupsandlin-
earalgebrain additionto Booleanalgebra.Themethodis
illustratedwith numerousexamples.

2. Group Theory

In this part,we will survey thegrouptheory, which will
beusedin thispaper.

Definition 2.1 A group "�# ��$%�'&)( is an algebraic system
satisfyingthefollowingaxioms:

M0: For any * �'+-, # , * $
+�, # .

M1: For any * �'+��'.-, # , /0* $1+123$1. 4 * $ / +-$1.12 .
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Figure 2.1. Elements of 5-6 .
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Figure 2.2. Relations of elements.

M2: For any * , # , a uniqueelement
&

existssuch that* $�&748&9$ * 4 * .
M3: For any * , # , an element

+
existssuch that * $�+:4+-$ * 4;& .

Theelement
+

is the inverseof * , anddenotedby *�<>= .
A groupis Abelian if it satisfies

M4: For any * ��+�, # , * $
+-48+-$ * .
Weusuallyomit theoperator“

$
”.

Definition 2.2 A group is a cyclic group if every element
in thegroupis a powerof somefixedelement* in # .

Definition 2.3 A groupthatconsistsof all thepermutations
of n elementsis a symmetric group of degree ! .

Example2.1 Fig. 2.1shows5-6 4?��&�� * � *A@ � , a setof three
permutations,where I is the identity permutation,* is the
single shifting permutation,and *A@ is the doubleshifting
permutation. 5-6 forms a cyclic group of order thr ee.
Theproductoperation is the compositionof the permuta-
tions. 5 6 is an Abelian group. Fig. 2.2(a) showsthe re-
lations of elements. Note that * 6 4B&

, and *A@ 4 *�<C= .
(Endof Example)

Example2.2 Fig. 2.3shows5 @ 4?��&���DE�
, a setof twoper-

mutations,where
D

swapsthe lower two rails. 5 @ formsa
cyclic group of order two. 5 @ forms an Abeliangroup.
Fig. 2.2(b) showsthe relations of elements. Note thatD @ 4;& , and

DF4GD <>= . (Endof Example)

Example2.3 Fig. 2.4 shows HE6 4I��&�� * � *J@ ��DK� * DL�MD * � ,
which correspondsto all possiblepermutationsof three
rails. HE6 has N�O 4QP

elements,and forms the symmet-
ric group of degreethr ee. Notethat HE6 is a non-Abelian
groupsince * D�R4GD * .

Fig. 2.5 showsthe relationsof elementsin H 6 . H 6 is a
directproductof 5 6 and 5 @ : H 6 4 5 6-S 5 @ 4;��&�� * � * @ � S��&��MDT�U4V��&�� * � *A@ �MDL� * DK��D * � . Also, from Fig. 2.5, we see
that

D * DF4 *�<C= , and
D *�<>= DW4 * hold. (Endof Example)
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Figure 2.4. Elements of HE6 .
3. Group Functions

In this part,we introducea groupfunction,which is an
importanttool to designmulti-rail cascade.

3.1.Group Functions

Definition 3.1 Let # be a group, and X 4Y�����
	��
. Z �X 
[� # , is a group function.

Example3.1 Considera group function Z � X 
\� 5-6 ,
where 5-6 4]��&�� * � *A@ � . Notethat the outputof the group
function Z assumesthevalueequalto oneof thethreeper-
mutationsin Fig. 2.1. (Endof Example)

A groupfunctioncanrealizea three-valuedfunction.

Example3.2 Considera group function Z � X 
\� 5-6 ,
anda three-valuedfunction

�^� X 
��_������	��'�A�
. By using

a groupfunction,wecanrealizea three-valuedfunctionas
shownin Fig. 3.1. Whentheconstants0, 2, and1 are con-
nectedto theleft sideof thepermutation,thetop output

��`
realizesthefollowingfunction:

��` 48�
whenZ 48& , ��`a4�	

when Z 4 * , and
� ` 4��

when Z 4 *J@ . (Endof Example)
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Figure 3.1. Realization of three-v alued func-
tion.
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3.2.Decompositionof Group Functions

Theorem 3.1 A group function ZW/dc 2[� X 
 � 5-6 is de-
composableasfollow:Ze/gfc �'h 
 2i4 ZkjA/-fc 2lD b�m ZCn�/gfc 2lD b�m � (3.1)

where
h 
 denotesa variable,and Z�j�/ fc 2 and ZCn�/ fc 2 denote

groupfunctionsthatdo notdependon
h 
 .

A proofcanbefoundin [17].
The expansion(3.1) is essentialin the designof cas-

cades,andcorrespondsto theShannonexpansionin a logic
function. Fig. 3.2 shows hardwareto implement

DAb
. WhenhV4o�

,
DJb

representsthe identical permutation. WhenhW4�	
,
DJb

swapsthetwo lower rails.

Lemma 3.1 Let
Dp, 5 @ , and Z bea groupfunction X 
[�5-6 . Then,

D Z DF4 Z)<>= .
From(3.1),we haveZe/ fc ����2�4 Z j / fc 2qD ` Z n / fc 2qD ` � andZe/gfc �
	�2�4 Z�jA/gfc 2qD = Z>n�/gfc 2qD = �

Let Ze/ fc �'h 
 2r4 *�s�tTuv9w b�m
x �Z�jA/gfc 2r4 *�s�y�t uv x � andZ n /gfc 2r4 *�s�z{tEuv x �
Fromtheserelations,wehave*�s�t uv9w ` x 4 *�s'y�t uv x}| s'z't uv x � and*�s�tTuv9w = x 4 *�s'y�t�uv x < s�z{t�uv x �

Fa g
0

2

1
Fb g

x1 x1

Figure 3.3. Canonical Cascade for one-
variable function.

Therefore,we have� / fc ����2�4B� j / fc 2K~G� n / fc 2 /d�[�A��N 21� and� / fc �
	�2�4B� j�/ fc 2 � � n�/ fc 2 /d�[�A��N 21�
By usinga matrixnotation,we have� � / fc �'��2� / fc ��	
2�� 4 � 	 		 � 	 � � � jA/gfc 2� n�/ fc 23� /}�p�J�UN 2��

Notethat � = 4 � 	 		 � 	 � /}�[�A�UN 2
is theWalsh matrix of onevariable.Since,� @= 4 � 	 		 � 	 � � 	 		 � 	 �4 � ������ � 48� � 	����	 � 4 � & = /}�[�A�[N 21�
we have

� <C==�� � � = /}�p�A�[N 2 .
3.3.One-Variable Case

For a one-variablefunction, the canonicalform for the
group function is written as * s�t b��Mx�4 *�� y DAb�� *�� z DAb�� .
Fig. 3.3shows thecanonicalcascadeof one-variablefunc-
tion. It consistsof four cells. By setting

h
to 0 and 1,

we have * s�t ` xU4 *�� y D ` *�� z D ` 4 *�� y | � z , and * s�t = x�4*�� y D =�*�� z D = 4 *�� y <E� z . Thus,we have� � / ��2� / 	
2 � 4 � � `� = � 4 � 	 		 � 	 � �>� j� n � /}�p�A��N 2��
Since

� <>==�� � � = /d�[�A��N 2 , we have� � j� n � 4 � � 	 		 � 	 � � ��`� = � ��� 4 / � j � � n 2�� is thevectorrepresentingthecanonicalform
of thecascade.

Example3.3 Considertheone-variablefunction
� / h = 2 4h = . In thiscase,

� ` 4;�
and

� = 4�	
, thus,wehave

� j 4 � 	
and

� n 4�	
. So, ZW/ hT2 is written as ZW/ hT2 4 *�<C= DJb � * DAb � .

Fig. 3.4showsthecanonicalcascade. Sincethelast cell is
notutilizedto thefunction,thecascadecanbesimplifiedto
Fig. 3.5. (Endof Example)
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Figure 3.5. Simplified cascade for
� / hE2i4;h .

3.4.Two-Variable Case

In this part, we will derive the canonicalform for two-
variable functions. From (3.1), we have ZW/ h = �'h @ 2�4Z j / h @ 2lDJb � Z n / h @ 2lDAb � . Thus, Ze/ h = ��h @ 2 canberealizedby a
cascadeshown in Fig. 3.6.SinceZ j and Z n aregroupfunc-
tionsof onevariable,we have thecanonicalcascadeshown
in Fig. 3.7. Notethat it consistsof 10 cells. Thecanonical
form of two-variablefunctionis writtenas* s�t b � w b���x 4 * � y D b�� * � z D b�� D b � * �L� D b�� * �K� D b�� D b � �4 * � y D b � * � z D b����Kb � * � � D b � * � � D b����Kb � �
By assigning0 and1 to

h = and
h @ , we have the following

four equations:� / ���'��2�4���`�4 � j ~ � n ~ �-� ~ �  � / ����	
2�4�� = 4 � j�� � n ~ �-� � �   /}�p�J�[N 2� / 	��'��2�4�� @ 4 � j ~ � n � � � � �  � / 	���	
2�4�� 6 4 � j � � n � � � ~ �  
In thematrix form, they arerepresentedas¡¢¢£ ��`� =� @� 6

¤¦¥¥§ 4 ¡¢¢£ 	 	 	 		 � 	 	 � 		 	 � 	 � 		 � 	 � 	 	
¤¦¥¥§ ¡¢¢£ � j� n�-��  

¤¦¥¥§ /d�[�A�[N 2��
Fa g Fb g

x1 x1x2 x2

Figure 3.6. Cascade realization of two-
variable function.

Fa g Fb Fc Fd

x2 x2

g g g g g

x1 x2 x2 x1

Figure 3.7. Canonical cascade for two-
variable function.

Notethat � @ 4
¡¢¢£ 	 	 	 		 � 	 	 � 		 	 � 	 � 		 � 	 � 	 	

¤¦¥¥§
is theWalshmatrix of two variables.Since,� @@ 4

¡¢¢£i¨ ���8�� ¨ �8��;� ¨ ��;��� ¨
¤¦¥¥§ 4 ¨ ¡¢¢£ 	��;�����	G����8��	���8�;�©	

¤¦¥¥§ � & @ /d�[�A�[N 2��
We have

� @ � � <>=@ /d�[�A�[N 2 . Thus,

� @ is a self-
inversematrix. Thevectorrepresentingthecanonicalform
is
�� 4 / � j � � n � � � � �   2 � 4 � @ $ �Z /}�[�A�[N 2 , where�Z 4 / � ` �'� = �'� @ �'� 6 2�� . In this case,

��
is equalto theWalsh

spectrumof
�Z .

Example3.4 Consider the two-variable function� / h = �'h @ 2-4�h =kª h @ . In this case,
�Z 4 / ��`��'� = �'� @ �'� 6 2 � 4/ ���
	��
	�����2�� . Since,� @ $ �Z 4

¡¢¢£ ���� �
¤ ¥¥§ �

¡¢¢£ � 	�� 	
¤ ¥¥§ 4 ¡¢¢£ � j� n� ��  

¤ ¥¥§ /}�p�A��N 2��
wehave Z 4 * <>= D b�� * ` D b � �Kb�� * ` D b�� * = D b � �Kb��4 * <>= D b�����b � �Kb�����b�� * = D b � ��b��4 * <>= D b��q��b � * = D b��q��b � �
Fig. 3.8(a)showsthecascadefor

� / h = �'h @ 2i4;h = ª h @ , and
Fig. 3.8(b)showsthesimplifiedone. (Endof Example)

Example3.5 Consider the two-variable function
� / h = �h @ 2�4 h = h @ . In this case,

�Z 4 / � ` �'� = ��� @ �'� 6 2��©4/ �����������
	�2�� . Similarly, we have
�� 4 / � j � � n � �-� � �   2M�74/ 	�� � 	�� � 	���	
2M� . Thecanonicalform isZ 4 * D b � * <C= D b = �Kb � * <>= D b�� * D b��M��b � �

Fig. 3.9(a) showsthe simplifiedcascadefor
� / h = �'h @ 2U4h = h @ . Sincethefunctiontakesonly twovalues,theconstant

2 can be replacedby the constant0. In this case,the left
mostcell can be removed,andwe haveFig. 3.9(b),which
hasonly threecells. (Endof Example)
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Figure 3.9. Cascades for
� / h = ��h @ 2i48h = h @ .

3.5.Thr ee-Variable Cases

The canonical form for a three-variable function� / h = ��h @ �'h 6 2 is givenby*�s�t b�� w b � w b�´�x 4 * � y D b�´ * � z D b � ��b�´ * � � D b�´ * � � D b��q��b � �Kb�´* �Lµ D b ´ * �L¶ D b��'��b ´ * �C· D b ´ * �L¸ D b � ��b��{�Kb ´ �
From this, we have

�Z 4 � 6 �� , where
�Z 4 / ��`���� = ��� @ �� 6 �'��¹��'��º��'��»��'��¼12�� , �� 4 / � j � � n � � � � �   � � ½ � � s � �-¾ � � ¿ 2�� ,

and

� 6 4
¡¢¢¢¢¢¢¢¢¢¢£
	 	 	 	 	 	 	 		 � 	 	 � 	 	 � 	 	 � 		 	 � 	 � 	 	 	 � 	 � 		 � 	 � 	 	 	 � 	 � 	 		 	 	 	 � 	 � 	 � 	 � 		 � 	 	 � 	 � 	 	 � 	 		 	 � 	 � 	 � 	 � 	 	 		 � 	 � 	 	 � 	 	 	 � 	

¤¦¥¥¥¥¥¥¥¥¥¥§
�

� 6 is the Walshmatrix of threevariables. Since

� @6 4� 6 & 6 � � & 6 /d�[�A��N 2 , wehave

� <>=6 � � � 6 /d�[�A��N 2 .
Thus,

�� 4 � � 6 $ �Z .

Example3.6 Considerthe function
� / h = �'h @ ��h 6 2À4©h = ªh @ ª h 6 . Notethat

�Z 4 / ����	���	��'����	��{�������
	12M� , and� 6 �Z 4 / ¨ �'���'���'���'���{������� � ¨ 2 �� / 	��'���'���'���'���{������� � 	
2 � /}�p�A�[N 21�
Thevectorrepresentingthecanonicalform is�� 4 � � 6 �Z 4 /M� 	��'���'���'���'���'�A�����1	
2 � /}�p�J�UN 2��

1
0 x2x1 x3

x1 x2 x3

Figure 3.10. Simplified cascade for
h = ª h @ ª h 6 .

Table 3.1.
�[4;h = ~Gh @ ~Gh 6 /}�[�A�[N 2 .h = h @ h 6 �� � � �� � 	 	� 	 � 	� 	 	 �	 � � 		 � 	 �	 	 � �	 	 	 �

ThegroupfunctionisZW/ h = ��h @ ��h 6 2r4 * <C= D b ´ * ` D b��'��b ´ * ` D b ´ * ` D b � �Kb�����b ´* ` D b ´ * ` D b��'�Kb ´ * ` D b ´ * = D b � ��b��{�Kb ´4 * <C= D b � �Kb����Kb ´ * D b � ��b��{�Kb ´ �
Fig. 3.10showsthesimplifiedcascadefor

� / h = ��h @ �'h 6 2 4h =>ª h @iª h 6 . (Endof Example)

Example3.7 Consider the function
� / h = �'h @ ��h 6 2 4h = ~Vh @ ~Áh 6 /}�[�A�[N 2 . Table 3.1 shows the func-

tion table of the three-valued function, and the op-
erator “+” denotes the integer addition of mod 3.
Note that

�Z 4 / ���
	��
	������
	��'���{������2�� . � 6 �Z 4/ ��� � 	�� � 	��'��� � 	��'�����������'��2�� , and the vector representing
thecanonicalform is

�� 4 / ����	���	��'����	����������{��2�� . Thegroup
functionisZe/ h = ��h @ ��h 6 2r4 * ` D b ´ * = D b��'�Kb ´ * = D b ´ * ` D b � �Kb����Kb ´* = D b ´ * ` D b��'�Kb ´ * ` D b ´ * ` D b � �Kb����Kb ´4ÂD b ´ * D b�����b ´ * D b � �Kb�� * D b � �
Fig. 3.11showsthesimplifiedcascadefor

� / h = ��h @ �'h 6 2 4h = ~�h @ ~Gh 6 /}�p�J�UN 2 . Notethat the last two gatescan
alsoberemoved. (Endof Example)

3.6. ! -Variable Case

Theorem 3.2 Let
�Z be the truth vector for a function

�;�X 
Ã� �����
	������
. The vector representingthe canonical

form of thecascadeis
�� 4 /�� 	
2M
 � 
 �Z /d�[�A�[N 2 , where� 
 is theWalshmatrixof ! variables.
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Figure 4.1. Realization of ! -variable function.

(Proof) Notethat

� @
 4;��
E& 
 . When ! is anoddnumber,
i.e., ! 4���Äa~�	

. We have
��
Å4�� @{Æ | = 4 ¨ Æ S � . Since¨ Æ 4 /0N ~©	
2 Æ � 	 /}�[�A�[N 2 , we have

��
 � � � � 	/}�[�A�[N 2 . Similarly, when ! is anevennumber, i.e., ! 4;��Ä ,
wehave

��
W4�� @{Æ 4 ¨ Æ . Thus,
��
 � 	 /}�p�A��N 2 . (Q.E.D)� 
 �Z is theWalshspectrum[16] of

�
. Thus,thecanon-

ical form of the cascadefor
��� X 
�� �����
	������

can be
obtainedfrom theWalshspectrumof

�
.

4. Complexity of Cascades

In thispart,we will considerthenumberof cellsto real-
ize an ! -variablefunctionby acascade.

4.1.Upper Boundson the Number of Cells

Theorem 4.1 Let Çr/0! 2 be the number of cells in the
canonicalcascadefor an ! -variable function

�©� X 
��������	��'�A�
. Then,ÇÈ/0! 2i4 N $
��
 � � .

(Proof) As shown in Fig. 3.1, we canrealizea constant
function by using one cell, so Çr/ ��2É4_	

. As shown in
Fig. 3.3, we can realizea one-variablefunction by using
four cells,so Çr/ 	
2�4 ¨ . As shown in Fig. 4.1,we canreal-
izean ! -variablefunctionby usingapairof /0!3� 	
2 -variable
cascadesandtwo

DJb
cells.Thus,wehavetherecurrencere-

lation: Çr/l! 2�48� Çr/0!)� 	
2E~Ê� . By solvingthis recurrence
relation,we have Çr/0! 234 N $���
 � � . (Q.E.D)

4.2.Actual Sizeof Cascades

As shown in Theorem3.1, any functioncanbe decom-
posedas ZW/gfc ��h 
 2-4 Z j /gfc 2qDJb m Z n /gfc 2lDJb m . If Z n 4 * ` 4&
, then ZW/ifc �'h 
 2Ê4 Z�jA/gfc 2qDJb�m�DJb�m�4 Z�jA/gfc 2 . There-

fore, except for the first coefficient, a zero coefficient in
theWalshspectrumimpliesthatthreecellscanberemoved

Table 4.1. Average number of zero coeffi-
cients in the spectrum for ! -variable func-
tions. ! Zeroscoefficients

��
TË N
Two-valued Three-valued

5 10.8 9.0 11
6 19.7 21.9 21
7 39.3 43.3 43
8 84.8 84.4 85
9 163.8 171.2 171

10 348.5 337.7 341
11 684.6 675.3 683
12 1369.4 1398.3 1365
13 2712.6 2722.9 2731
14 5460.8 5465.2 5461

from the canonicalcascade. Thus, functions with fewer
non-zerocoefficientstend to have shortercascades.Also,! rightmostcells arenot usedto realizethe function (see,
for example,Fig. 3.8(a)). Thus,at least ! cells canbe re-
moved.

4.3.Experimental Results

Wegenerated10randomtwo-valuedfunctionsof ! vari-
ables,where Ì � <C= / ��2 Ì 4 Ì � <>= / 	�2 Ì 4Ã� 
 <>= . That is, func-
tions producevalue 0 for

��
 <C= combinations,and
	

for��
 <>= combinations.Then,weobtainedtheWalshspectrum
for them.In Table4.1,thecolumnfor Two-valuedshowsthe
averagenumberof zerocoefficientsin thespectrum.From
thetable,we canseethatthenumberof zerocoefficientsin
thespectrumis nearto

��
�Ë N .
We did the similar experimentsfor three-valuedoutput

functions.In thiscase,wegeneratedrandomfunctionssuch
that Ì � <C=�/ ��2 Ì 4 Ì � <>=�/ 	
2 Ì�Í©Ì � <>=�/ ��2 Ì�Í ��
�Ë N . In Table4.1,
thecolumnfor Three-valuedshows theaveragenumberof
zerocoefficientsin thespectrum.Theresultis similarto the
caseof two-valuedfunctions. That is, theaveragenumber
of zerocoefficientsis nearto

��
�Ë N .
The numberof cells in the canonicalcascadeis aboutN $
� 
 , andthereareabout

� 
 Ë N zero-coefficients.Also, for
eachzero-coefficient,we canremove threecells. Thus,we
have thefollowing:

Conjecture 4.1 The average numberof cells in cascades
for ! -variablerandomlygeneratedfunctionsis about

��
J| = .
5. Extensionto Î -valued Functions

In theprevioussections,we showeda methodto realize
a three-valuedfunction

��� X 
F�Q������	��'�A�
.

In this part, we will extend the methodto realizea � -
valuedfunction, where � is a prime number. Let 5�Ï 4��&�� * � *J@ � * 6 ���
����� * Ï <>= � bea cyclicgroupof order � , where
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Figure 5.3. Relations of elements in Ð º .
theelement* permutesthe Ñ -th rail into /0Ñ ~:	�2 -th /}�p�J�7� 2
rail. Also, let 5 @ 4Ò��&��MDT�

be a cyclic group of order 2,
where

D
swapsthe Ñ -th rail with the /Ó�É�8Ñ 2 -th rail whenÑ R4�� .

Theorem 5.1 A group function Ze/ hE2É� X 
8� 5�Ï is de-
composableasfollows:Ze/ fc �'h 
 2i4 ZkjA/ fc 2lD b�m ZCn�/ fc 2lD b�m � (5.1)

where
h 
 denotesa variable,and Z j /-fc 2 and Z n /gfc 2 denote

groupfunctionsthatdo notdependon
h 
 .

Example5.1 When � 4BÔ
, let * and

D
be permutations

shownin Fig. 5.1 and Fig. 5.2, respectively. Then, 5 º�4��&�� * � *A@ � * 6 � * ¹ � formsa cyclic group of order five, and5 @ 4Õ��&��MDT�
forms a cyclic group of order two. Also,Ð º�4 5 º S 5 @ forms a dihedral group of order 10.

Fig. 5.3 showthe relationsof elementsin Ð º . It is easy
to verify that

D * DF4 *�<C= . (Endof Example)

Similarly to the caseof � 4 N , we have the following
relation:� � /Öfc ����2� /Öfc �
	�2 � 4 � 	 		 � 	 � � � j /gfc 2� n�/-fc 2 � /}�[�A�)� 21�
where Ze/×fc ��h 
 2�4 *�s�t uv9w b�m
x �Z j / fc 2�4 *�s�y�t�uv x � and Z n / fc 2i4 *�s'z{t�uv x �
Theorem 5.2 Let

�Z be the functionvectorfor
��� X 
Ê�������	��'�������1��� �p� 	�� , where � is a prime number. Then,

�
canberealizedasa cascadeof elementsin 5�Ï and

D
. The

coefficientsfor thecanonicalformof thecascadeare equal
to theWalshspectrum

� < 
 � 
 �Z /d�[�A�7� 2 .

Table 5.1. Table for two-bit adder .h�¹�h 6 h @ h = � h�¹\h 6 h @ h = �� � � � � 	 � � � �� � � 	 	 	 � � 	 N� � 	 � � 	 � 	 � ¨� � 	 	 N 	 � 	 	 Ô� 	 � � 	 	 	 � � N� 	 � 	 � 	 	 � 	 ¨� 	 	 � N 	 	 	 � Ô� 	 	 	 ¨ 	 	 	 	 P
0
6
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1
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 f 

Figure 5.4. Cascade for a two-bit adder .

Example5.2 Considera two-bitaddershownin Table5.1.
It hasfour inputsandoneoutput,andcomputes

�[4;� / h�¹A~h @ 2i~ / h 6 ~;h = 2 . Since,
�

is a seven-valuedfunction,we
realize

�
byusinga groupfunction X ¹ � 5 ¼ .

Notethat

� @¼ 4�� ¼ &1¼
, and

� ¼ � � /}�[�A�UØ 2 . We have� <>=¼ � =@ � ¼ /d�[�A�[Ø 2 .
Thefunctionvectoris

�Z 4 / ���
	������ N�Ù 	��'��� N � ¨ Ù ��� N � ¨ ��Ô ÙN � ¨ �'Ô��'P�2 � , and the Walsh spectrumis / ¨JÚ � � Ú � � 	
P���� Ù� Ú �'���'���'� Ù�� 	�P����������'� Ù �����������'��2�� . Thevectorrepresenting
thecanonicalform of thecascadeis�� 4 	� / ¨JÚ � � Ú � � 	
P��'� Ù�� Ú �'�A������� Ù�� 	�P��������A�'� Ù �����������'��2 �4 / � ¨ � � ¨ � � Ú ��� Ù1� ¨ �'���{����� Ù1� Ú �{��������� Ù �����������{��2 �� /0N � N � � 	��'� Ù'N �'�A�'����� Ù'� 	��'��������� Ù �����A�'���{��2 � /}�[�A�UØ 21�
ThesimplifiedgroupfunctionisZ 4 * 6 D b�� * 6 D b��q�Kb � * <>= D b � ��b�´ * 6 D b�´���b�Û * <C= D b�Û4 * 6 / D b � * 6 D b � 2 / D b�� * <C= D b�� 2 / D b ´ * 6 D b ´ 2 / D b Û * <>= D b Û 24 * 6 / D b � * 6 D b � 2 / D b ´ * 6 D b ´ 2 / D b�� * <C= D b�� 2 / D b Û * <>= D b Û 24 * 6 D b � * 6 D b � �Kb ´ * 6 D b����Kb ´ * <>= D b�����b Û * <C= D b Û
Fig. 5.4showsthecascadefor Z . (Endof Example)

Lemma 5.1 The number of non-zero coefficients in the
Walshspectrumfor an n-bit adderis 2n+1.

(Proof) Thearithmeticexpression[16] for the ! -bit adder
is Ð 4ÒÜ 
 <>=Ý}Þ ` � Ý / h Ý ~�ß Ý 2 . By using the relations à Ý 4	 � ��h Ý and á Ý 4�	 � ��ß Ý , we have therelation

h Ý ~�ß Ý 4	 � =@ /0à Ý ~ á Ý 2 . Thus,the expressionshowing the Walsh



spectrum[16] is writtenasÐ 4 
 <>=â Ý}Þ ` � Ý�ã 	 � 	� /là Ý ~ á Ý 2qä4 / � 
 � 	�2 � 	� 
 <>=â Ý}Þ ` � Ý /là Ý ~ á Ý 2
So,thenumberof non-zerocoefficientsis

� ! ~;	 . (Q.E.D)

Theorem 5.3 An ! -bit adder can be realizedby the cas-
cadewith

P ! ~8	 cells.

(Proof) The numberof cells in the canonicalcascadeisN $J� @ 
 � � . The total numberof coefficients is
� @ 
 , and

the numberof non-zerocoefficients is
� ! ~©	

. Thus, the
numberof zerocoefficientsis

� @ 
 �É/ � ! ~�	�2 . For eachzero
coefficient, we canremove threecells. Thus, the number
of remainingcells is /0N $�� @ 
 � ��2 ��N ã � @ 
 �8/ � ! ~�	�2lä×4P ! ~;	 . Note that in Fig. 5.4, two

D
cellsarenecessaryforh = ª h 6 �'h @ ª h 6 , and

h @ ª h�¹ . Thus,Fig. 5.4 requires13
cells. (Q.E.D)

Lemma 5.2 The number of non-zero coefficients in the
Walshspectrumfor an ! -bit multiplier is /l! ~å	
2 @ .
(Proof) Thearithmeticexpressionfor the ! -bit multiplier
is Ð 4 / Ü 
 <C=Ý}Þ ` � Ý h Ý 2 / Ü 
 <C=æ
Þ ` � Ý ß æ 2 . By usingthe relationsà Ý 4ç	 � ��h Ý and á Ý 4ç	 � ��ß Ý , we have the expression
showing theWalshspectrum:Ð 4 	¨ ã 
 <>=â ÝèÞ ` � Ý / 	 �Èà Ý 2qä ã 
 <>=âæ
Þ ` � æ / 	 ��á æ 2lä��
So,thenumberof non-zerocoefficientsis /0! ~U	�2 @ . (Q.E.D)

Similarly to theproof of Theorem5.3,we have

Theorem 5.4 An ! -bit multiplier can be realizedby the
cascadewith N�/l! ~å	
2 @-� � cells.

6. Conclusionand Comments

In this paper, we have shown a designmethodfor cas-
cadeswhich implementtwo-valuedinput three-valuedout-
put functions.Weused5-6 (thecyclic groupof orderthree)
and HE6 (thesymmetricgroupof degreethree)to decompose5-6 . Thedesignedcascadesarereversibleandconservative.
The Walsh spectrumspecifiesthe canonicalcascade,and
the numberof non-zerocoefficients in the spectrumis re-
latedto thenumberof thecells.

We have shown that an arbitrary ! -variablefunction is
realizedwith atmost N $���
 � � cells.Also, by experiments,
wehaveshown thatarandomfunctionof ! variablescanbe
realizedwith about

��
J| = cells.Wealsoderivedthenumbers
of cellsto realizean ! -bit adderandan ! -bit multiplier.

Note thatYoeli-Turner[17] designedtwo-rail cascades.
They usedé (theKlein 4-group, thatis isomorphicto 5ê@@ ),and ë ¹ (the alternatinggroup on four objects) to decom-
poseé .
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