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Abstract

In this paper, we propose a compact representation
of logic functionsusing Multi-valued DecisionDiagrams
(MDDs) calledheterogeneousMDDs. In a heterogeneous
MDD, each variablemaytakea different domain.By par-
titioning binary input variablesandrepresentingeach par-
tition as a singlemulti-valuedvariable,we can producea
heterogeneousMDD with

�����
smallermemorysizethana

ReducedOrderedBinaryDecisionDiagram(ROBDD),and
with assmallmemorysizeastheFreeBinary DecisionDi-
agrams(FBDDs). We minimizeda largenumberof bench-
mark functionsto showthe compactnessof heterogeneous
MDDs.

1. Intr oduction

Embeddedsystemsare widely usedin vehicle control,
consumerelectronics,personaldigital assistance(PDA),
cellularphoneandsoon. Thesesystemshave a restriction
onthememorysizebecauseof theneedto reducetheircost,
power consumption,andweight. Therefore,compactrep-
resentationsthat allow high-speedfunction evaluationare
important.

ReducedOrdered Binary Decision Diagrams (ROB-
DDs) [6] have beenwidely usedto representlogic func-
tions. In this paper, we proposerepresentationsof logic
functionsusingMulti-valuedDecisionDiagrams(MDDs)
that are called heterogeneousMDDs. Heterogeneous
MDDs canrepresentlogic functionswith smallermemory
sizeandshorterpath length[18] thanROBDDs. FreeBi-
naryDecisionDiagrams(FBDDs)[7, 8] cancompactlyrep-
resentlogic functions. Our experimentalresultsshow that
heterogeneousMDDs requirememorysizecomparableto
FBDDs,andcanbeminimizedin shortertime.

Therestof thepaperis organizedasfollows. Section2
definesheterogeneousMDDs and a methodto represent
multiple-outputfunctions.Section3 considersthememory

size for heterogeneousMDDs. Section4 proposesan al-
gorithmthatminimizesmemorysize.And, Section5 com-
paressizesof heterogeneousMDDs for many benchmark
functions.

Proofs of theoremsare available in http://www.lsi-
cad.com/Hetero-MDD/.

2 Definitions

This sectiondefinesheterogeneousMDDs, andshows a
methodto representmultiple-outputfunctions.

2.1 Representationof Logic Functions

Let 	�

��� be a two-valuedlogic function, where ���
�������������������������� , and � ��
�!"� � ��#��������$�&%'� arebinary vari-
ables.

Let (��*) denotethe set of variablesin � . If (��+),�(��-��)/.0(��1�2)3.0������.-(��"45) and (��6�$)870(��:9;)<�>=/
�!@?�BAC� ,
then 
D�-���E�1�����������E�"4�� is a partition of � . An ordered
setof variables�"� is calleda super variable. If F �"�GFH�I �J
K!L� � �&# �������$�&M5� and

I �ON I �PNQ������N I 4R�S% , thena
two-valuedlogic function 	�

��� canbe representedby the
mapping	T
D� � �E� � ���������$� 4 � : U �WV U � V UTX V ����� V U 4"Y[Z ,
where U � �Q(�\�� � ��#��������$�&#2]�^�_ � ) and Z �Q(�\�� � ) . Weas-
sumethat thefunction is completelyspecifiedandincludes
no redundantvariables.

Example2.1 Consider 
D�-�C�$�`��� , which is a partition of� , where �a�b
K�'�����5���&� X ����c��&�5d�� andeach ��� is a binary
variable. When �-�e�f
������&�5��� and �1�,�g
�� X ����c��&�5d�� ,I �J�h# , I �i�>j , UH�k�Q(l\�� � ��#���jW) , and U8�m�h(�\�� � �������E��nW) .
Note that �-� takes4 values,and �1� takes8 values. So,
a 5-variable logic function 	�

��� can be representedby
the multi-valued function 	�

�o�C�$�`�p� : UH� V U/� Y Z .

(Endof Example)



2.2 HeterogeneousMDD

We assumethat readersare familiar with BDDs, Re-
ducedOrderedBinary DecisionDiagrams(ROBDDs) [6],
MDDs, andReducedOrderedMulti-valuedDecisionDia-
grams(ROMDDs) [11].

Definition 2.1 When �q�r
����������2��������������� is partitioned
into 

�o���$�`�����������$�64W� , an ROMDD representinga logic
function 	T
D��� is called a heterogeneousMDD . Specif-
ically, when

I �s� I �h�t�����o� I 4 , an ROMDD rep-
resentinga logic function 	�

�u� is called homogeneous
MDD in order to distinguishfrom a heterogeneousMDD.
A homogeneousMDD is denotedby MDD(

I
), where

I �I �R� I �,�v�����i� I 4 . An MDD(
I
) representsa map-

ping 	SwLU 4 Y Z , while a heterogeneousMDD repre-
sentsa mapping 	xwmUO� V U/� V ����� V U�4 Y Z , whereUy�z(l\ � � �������$�&#2]1_ � ) , U � �{(�\�� � �������E��#�]2^8_ � ) , andZ �h(�\�� � ) .

In anMDD(
I
), non-terminalnodeshave #2] edges.WhenI � �

, an MDD(
�
) is an ROBDD. In a heterogeneous

MDD, non-terminalnodesrepresentinga supervariable�"�
have #�]2^ edges,where

I � denotesthenumberof binaryvari-
ablesin �6� .
Definition 2.2 In a decisiondiagram(DD), thenumber of
nodesin the DD, denotedby %'|�}W~��C
K�1�1� , includesonly
non-terminalnodes.

Definition 2.3 Thewidth of the DD with respectto �"� ,
denotedby �m!�}2�&�T
��1�0��!�� , is the numberof nodesin the
DD correspondingto thesupervariable �"� .

The numberof nodesin the MDD with the partition
D�-�l�$�`�2���������$�64�� is givenby

%'|�}�~���
��h�1�1�@� 4�
�D�T� �i!K}2�&��
K�h�1�0�&!K���

Example2.2 Considerthefunction:

	o�>�'������� XO� �5��� X � c � � X � c���� � ��c��'�&�5���
Fig. 2.1(a),Fig. 2.1(b)andFig. 2.2 representtheROBDD,
the MDD( # ), and the heterogeneousMDDs for 	 , respec-
tively. In Fig. 2.1(a), the solid lines and the dotted lines
denote1-edgesand0-edges,respectively. In Fig. 2.1(b),the
input variables ����
K�'���&�5����� X �&� c�� are partitioned into
D�-�l�$�`�p� , where �o���{
K�'�����5��� and �1�R�y
K� X �&� c�� . In
Fig. 2.2(a), �o�P��
K�'�����5���&� X � and �1�i�Q
�� c�� . However, in
Fig. 2.2(b), �-�k�Q
����G�p�E�1�P��
K���2�&� X ����c�� .

(Endof Example)
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Figure 2.2. Heterogeneous MDDs

2.3 Representations of Multiple-Output Func-
tions

Logic networksusually have many outputs. In most
cases,independentrepresentationof each output is in-
efficient. Let the multiple-output functions be « �
�	�¬��&	�������������	�­i®T�G� : Z � YtZ ­ , where Z �¯( � ��\W) , and% and ° denotethenumberof input andoutputvariables,
respectively. Several methodsexist to representmultiple-
output functionsby usingBDDs [15, 19, 20, 21]. In this
paper, we usea SharedBinary DecisionDiagram(SBDD)
[19] to representmultiple-outputfunctions. In the follow-
ing, a BDD meansa SBDDunlessstatedotherwise.

3 Memory Sizefor HeterogeneousMDDs

Lemma 3.1 Whenthe order of the input variables �±�
�������������������������� is fixed,thenumberof different partitions
of � is # ��®T� .

Therefore,whentheorderof theinputvariablesis fixed,
the numberof differentheterogeneousMDDs to consider
is # ��®T� . FromtheseheterogeneousMDDs, we canfind an



optimal heterogeneousMDDs basedon somecriteria. In
[18], we consideredtheaveragepathlength(APL) for het-
erogeneousMDDs. Thissectionshowsthememorysizefor
heterogeneousMDDs.

Definition 3.1 Thememory sizeof a DD is thenumberof
wordsneededto representtheDD in memory.

Definition 3.2 Givena logic function 	 , theminimum het-
erogeneousMDD for the logic function 	 is theheteroge-
neousMDD with theminimummemorysizeoverall ordered
partitionsof thevariables.

In memory, a nodein a ReducedOrderedDecisionDi-
agram(RODD) requiresan index anda setof pointersthat
refersthe succeedingnodes. Sincea nodein a BDD has
two pointers,the memorysizeneededto representa BDD
is givenby


K#PN � � V %'|�}W~��C
 Z �1�1��� (3.1)

wherewe assumethatthesizeof a word is largeenoughto
storeapointerto anode.Sinceanodein anMDD(

I
) has#�]

pointers,thememorysizeneededto representan MDD(
I
)

is givenby


K# ] N � � V %'|�}�~���
��h�1�0
 I �E���
As for a heterogeneousMDD, the memorysizeneededto
representit is givenby4�

�D�T� 
�# ]�^ N � � V �i!K}2�&��
 heterogeneousMDD ��!K���
Example3.1 Thememorysizesto representvariousDDs
are as follows: for the BDD in Fig. 2.1(a),

��²
; for the

MDD( # ) in Fig. 2.1(b),
��³

; for the heterogeneousMDD
in Fig. 2.2(a),

� # ; and for the heterogeneousMDD in
Fig. 2.2(b), # � . (Endof Example)

Theorem 3.1 In a minimumheterogeneousMDD, the fol-
lowing relation holds for all super variables �"���
���9�����9�´T�����������&��9�´ ]2^ ®T�&� :
�# ]�^ N � �$�i!K}2�&��
 heterogeneousMDD �G!��

µ j V ]2^ ®��� ¶
�'¬ �m!�}2�&�T
 Z �1�0�¥A:N+�&�p�

Theorem 3.2 Considera logic functionthat dependson %
variables.Let �+­k�·��
K%'� bethememorysizeneededto rep-
resenta heterogeneousMDD for the function. Then,the
following relationholds:

�+­@�·��
�%'�@¸¹#�� ³ %/�

Corollary 3.1 Considera functionthatdependson % vari-
ables. Let �Rº 4�» be thememorysizeneededto representa
sub-graphof a heterogeneousMDD for thefunction:

� º 4�»k� 4�
�D�W9 
K# ] ^ N � �E�m!�}2�&�T
 heterogeneousMDD �&!K���

Then,thefollowing relationholds:

�Rº 4�» ¸¼#�� ³ % 9 �
where %W9 denotesthenumberof binaryvariablespresentin
thesub-graph.

Theorem 3.3 Considera logic function 	 that dependson% variables. Let �h~�°½
 heterogeneousMDD wi	5� be the
memorysizeneededto representa heterogeneousMDD for	 . If %u¾ �

, thenthefollowing relationholds:

�h~�°�
 heterogeneousMDD wC	5�<¸¿%'|�}W~���
 Z �1�1�HN,#��
Corollary 3.2 Considera logic function 	 thatdependson% variables.Let �h~�°-º 4�» 
 heterogeneousMDD w�	5� bethe
memorysizeneededto representa sub-graphof a heteroge-
neousMDD for 	 :

�h~�° º 4�»�
 heterogeneousMDD wC	5�@�4�
�D�W9 �m!�}2�&�T
 heterogeneousMDD ��!K���

If %W9À¾ �
, thenthefollowing relationholds:

�h~�° º 4�»�
 heterogeneousMDD w�	��
¸ ��Á� ¶

�T� �m!�}2�&�T
 Z �1�0�¥�&��NÂ#��
where % 9 denotesthenumberof binaryvariablespresentin
thesub-graph.

Lemma 3.2 Considerthe variables: �0Ã*�Ä
����������2������� ,��� Å&� , where %5Æ¼Çy% . Whenthe widths of the BDD are
givenby

�m!�}2�&�T
 Z �1�0�¥A2�@�># 9�®T� 
ÈAÉ� � ��#��������E��% Æ �p�
the partition of �ÊÃ that producesthe minimumheteroge-
neousMDD is a trivial partition (i.e., �0Ãi�Ë�-� , F �-�CF/�%5Æ ). And thememorysizeneededfor theminimumhetero-
geneousMDD is givenby # � Å N �

.

Theorem 3.4 Let � ­PÌ�Í 
�%'� be the memorysize needed
to representthe minimumheterogeneousMDD for an % -
variablelogic function.Then,thefollowing relationholds:

�+­PÌ�Í'
�%'� µ # � ®�Æ N¼jLÎ�# � Å _ ³ �
where Ï is thelargestintegersatisfyingtherelation

%1_RÏÀ¸B# Æ NÑÐ�|pÒ���j��



4 Minimization of HeterogeneousMDDs

In this section,we formulate a minimization problem
of heterogeneousMDDs, andpresenta minimizationalgo-
rithm.

When the order of the input variables � is fixed, the
memorysizeneededto representaheterogeneousMDD de-
pendson thepartitionof the input variables� . Therefore,
wewill find thepartitionof � thatmakestherequiredmem-
ory minimum.

Example4.1 Fig. 2.2(a) showsthe heterogeneousMDD
with the minimum memory for the function 	 , while
Fig. 2.2(b) showsthe heterogeneousMDD with the maxi-
mummemoryfor thefunction 	 . (Endof Example)

Wecanformulatethememoryminimizationproblemasfol-
lows:

Problem 4.1 Let the variable order for the BDD be fixed.
Givena BDD for thelogic function 	 , find a partition of �
thatproducestheminimumheterogeneousMDD.

A naivemethodto obtainanoptimumheterogeneousMDD
for an % -variablelogic function is to construct # ��®T� dif-
ferentheterogeneousMDDs andthento selectanoptimum
one. When % is small, we can obtain an optimum solu-
tion within a reasonabletime. For thefunctionswith many
input variables,we proposethefollowing algorithm.Algo-
rithm 4.1 shows a pseudo-codeto solve Problem4.1. This
algorithmis basedon dynamicprograming.For simplicity,
we assumethat the variableorder is �'���&�5�����������&� � . This
algorithmusestheindex of thetop variablefor BDD asthe
argument.

Algorithm 4.1 (Minimizationof a heterogeneousMDD)

1: minimize memory(index Ó ) Ô
2: if ( Ó5ÕuÖ )
3: return0 ;
4: if ( ×;Ø hasbeencomputed)
5: returntable[i] ;
6: min mem= (memoryfor BDD) ;
7: for(l = 0; l Ù�ÖÀÚÊÓ ; l++) Ô
8: k = branch(i, l) ;
9: mdd mem= Û���Ü/ÝÑÞGß5àkÓÈáCâDã5Û heterogeneousMDD äKålß ;
10: if (mdd mem Õ upper bounds)
11: break;
12: next index Ó
æ = i + k ;
13: mdd mem+= minimize memory(ÓDæ ) ;
14: if (min mem Õ mdd mem) Ô
15: min mem= mdd mem;
16: registerthe partition k ;
17: ç
18: ç
19: table[i] = min mem;
20: returntable[i] ;
21:ç

Algorithm 4.1 finds an optimum solution for Prob-
lem 4.1. In the 8th line in Algorithm 4.1, branch finds aI

thatmakesthefollowing ratio theminimum,

Ï�è��&!K|L� 
�#2]iN � �E�i!K}2�&��
 heterogeneousMDD ��!K�j V0é ] ®��¶
�'¬ �m!�}2�&�T
 Z �1�0�¥A:N+�&� �

And, the10th line usesupper bounds. In this part,Theo-
rem3.1andTheorem3.4areused.

Thetime complexity for Algorithm 4.1 is ê1
K% � � . How-
ever, in many cases,theCPUtime is proportionalto % . The
spacecomplexity for Algorithm 4.1is ê1
�%'� .
5 Experimental Results

5.1 Comparisonwith FBDDs

Table5.1 comparesthe memorysize neededfor mini-
mumheterogeneousMDDs with thatfor FBDDs.Thenum-
bersof nodesin OBDDs andFBDDs are takenfrom [23]
and[7, 8], respectively. In Table5.1, “MDD” denotesthe
minimumheterogeneousMDDs generatedfrom OBDDsin
[23]. Note that theseDDs usecomplementededges.The
memorysizeneededfor OBDDsandFBDDsarecalculated
usingthe formula (3.1). The column“Time” in Table5.1
denotestheCPUtime to obtaintheoptimumpartition. We
usedthefollowing environment:ë CPU:Pentium4Xeon2.8GHzë L1 Cache:32KBë L2 Cache:512KBë Memory:4GBë OperatingSystem:Redhat(Linux 7.3)ë C-compiler:gcc-O2

In Table 5.1, the bottom row “Averageof ratios” denotes
the arithmeticaverageof the relative memorysize,where
the memorysize neededfor OBDD is set to

� �ì\C\ . These
resultsshow thatheterogeneousMDDs requirecomparable
memorysize to the FBDDs. And, Algorithm 4.1 obtains
optimumsolutionsin a shortcomputationtime.

5.2 Comparisonwith BDDsand MDD(
I
)s

Table 5.2 comparesheterogeneousMDDs with BDDs
andMDD(

I
)s (

I
= 2, 3, 4, 5). Notethatno complemented

edgesare usedin theseDDs. To obtain an average,238
benchmarkfunctionsare used. In Table5.2, “MDD” de-
notesthe minimumheterogeneousMDDs obtainedby Al-
gorithm4.1. Thecolumn“Size” shows thearithmeticaver-
agesof therelativememorysizeneededfor eachDD, where



Table 5.1. Memory sizes for heterogeneous MDDs and FBDDs

%'|�}�~���
��1�1��� MemorySize Time
Function #in #out OBDD FBDD OBDD FBDD MDD [msec]
C432 36 7 1063 1057 3189 3171 2910 0.01
C499 41 32 25865 25865 77595 77595 59739 20.00
C880 60 26 4052 2798 12156 8394 11934 0.01
C1908 33 25 5525 5047 16575 15141 13493 0.01
C2670 233 64 1771 1062 5313 3186 4805 0.01
C3540 50 22 23827 20999 71481 62997 65198 10.00
C5315 178 123 1718 1478 5154 4434 4855 0.01
C7552 207 107 2159 1594 6477 4782 6383 0.01
alu4 14 8 349 300 1047 900 855 0.01
apex1 45 45 1245 1177 3735 3531 3117 0.01
apex6 135 99 490 455 1470 1365 1437 0.01
cps 24 102 970 902 2910 2706 2568 0.01
dalu 75 16 688 649 2064 1947 1574 0.01
des 256 245 2944 2902 8832 8706 7589 0.01
frg2 143 139 961 920 2883 2760 2773 0.01
i3 132 6 132 132 396 396 332 0.01
i8 133 81 1275 1190 3825 3570 3825 0.01
i10 257 224 20659 18813 61977 56439 58165 0.01
k2 45 45 1245 1136 3735 3408 3119 0.01
too large 38 3 318 286 954 858 859 0.01
vda 17 39 477 467 1431 1401 1088 0.01

Averageof ratios 1.00 0.90 0.89

thememorysizeneededfor a BDD is setto
� �ì\C\ . And, the

column“APL” showsthearithmeticaveragesof therelative
averagepathlength.Weusethemethodin [22] to calculate
theAPL.

Table 5.2. Comparison of heterogeneous
MDDs, BDDs, and MDD(

I
)s

DDs Size APL
BDD 1.00 1.00
MDD 0.84 0.69
MDD(2) 1.08 0.69
MDD(3) 1.54 0.53
MDD(4) 2.39 0.50
MDD(5) 4.10 0.46

For minimum heterogeneousMDDs, the memorysize
is
²2í��

of that for BDDs. Specifically, the memorysize
neededfor the minimum heterogeneousMDD for ex1010
is
í����

of thememorysizeneededfor theBDD.
Also, theAPL for theminimumheterogeneousMDDs is�CîC�

of thatfor theBDDs.

6 Conclusionand Comments

In this paper, we have proposeda new representation
of logic functionsusing Multi-valuedDecisionDiagrams
(MDDs) thatis calledheterogeneousMDDs. Wepresented

the minimizationalgorithmfor the memorysize. Our ex-
perimentalresultswith many benchmarkfunctions show
that: 1) HeterogeneousMDDs require

²�í��
of the mem-

ory sizeneededfor theBDDs,andhave
��îC�

of theaverage
pathlengthin theBDDs; 2) HeterogeneousMDDs require
comparablememorysizeto FreeBinaryDecisionDiagrams
(FBDDs);3) Thecomputationtime to obtaintheminimum
heterogeneousMDDs is short.

It is importantto notethatheterogeneousMDDs repre-
sentlogic functionswith smallmemorysizewithoutchang-
ing the variableorder. Also, an optimum heterogeneous
MDD canbefoundrelatively easily.

In this paper, the variableorder is fixed. To obtain the
optimumheterogeneousMDDs consideringbothpartition-
ing andorderingof theinputvariables.we needto improve
thealgorithmsandheuristics.
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